SD372 Intro. to PatternRecognition April 9,2001
Final Examinaton

ProfessoPaul Fieguth

Aids Permitted: Two 8.5x11pagesNo calculator
Pleaseturn off cellphones pagers,and other pointlesselectronicgadgets
etc.

*** \Well-drawvn sketcheg¢ diagramsanbevery helpful. ***

The gradevaluefor eachquestionis indicatedin bracketg ] next to the
guestiomnumber | will give partmarksfor relevantstatementsr insights.

Manageyour time!!! Thisis themostcommonproblemwhich | seeamong
students.

[2%] BonusQuestion

Do NOT wasteyourtime hereunlessyou arehappywith youranswergo therestof the exam!!!

| have noideawherel cameacrosghefollowing. | hadto evaluatethis aspartof somegradschool
assignmentl did it usinga calculatoy but it turnsout you cansolwe it analytically Reducethe
following to asimple,analyticexpression:

(i)



[22%] 1. MICD

GIVEN: Two clustersin 2D spacee with meansandcovariancesasfollows:

e I (R B M R

a) Sketchtheunit standard-daationellipsefor classA.

b) Sketchtheunit standard-dé@ation ellipsefor classB.

c) Draw asketchshaving thetwo classeandthe MED classificatiorboundary

d) Similarly sketch(butdon't try to compute)xheMICD classificatiorboundary

e) UseFishers methodto find the bestfeaturedirectionw.

f) Letournew featurebey = w”z. Findthemeanandvarianceof classesA andB ony.
g) Sketch(don't try to compute)xheMICD classificatiorboundaryony.

h) Notethata classifieron y implies a classifieron . Thatis, for eachz we findy = w”z

andthenwe determinethe classbasedon y. So sketchthe classificationboundaryof your
MICD classifierfrom (g), but sketchit backin the 2D domainof z, togethemwith the unit
standard-dé@ation ellipsesfor A andB.



[25%] 2. Parameter Estimation

Every studentknows that exam gradesare pretty variable— you have good daysand bad days
etc. Let's supposedhata students'intrinsic” ability is representetdy an unknovn «, wherea is
measuredh percent.But thegradeg (alsomeasuredn percentfhata studenigetsonanexam(a
“measurement”)s Gaussiardistributedaroundthe ability a:

plgla) = wim exp{_%}

a) Whatis the probabilitythata studentof ability « will getagradebelov 50%onanexam?

b) Normallywetry to getabetterideaof a students ability by having themwrite severaltests.
Supposa studentrites N tests,gettinggradesy, . . ., gn, andthegradesareindependent.

Whatis &,,, (g1, - - -, gn ), the Maximum Likelihood estimateof the students ability?
c) Whatis the probability asa functionof «, thata,,, (g1, - - -, gn) is below 50%7?

d) It is interestingto assesiow more and more tests(larger N) affect the precisionof the
estimatedxy. Find thelimit (shaving your work) of

A}i_r}rloo Pr(a,,, (91,--.,9n) < 50)

first for thecasex = 49, andsecondlyfor thecasea = 51.

Maybe a Gaussiardistribution isn’t sucha goodmodelfor how an exam gradeg is distributed,
becauseat seemanorelikely thatonewould have a badday, or accidentallymessup a question,
thanto accidentallygetawholelot of questiongight. Maybeit is morereasonabléo saythatthe
actualgradeg cannever be higherthana. For therestof this questionsupposeve modelg as

(gl { 0 g>a
pgia) = —a
%exp{gl—o} g < a

e) Draw asketchof p(g|«) for a = 75.
f) Whatis the probabilitythata studentof ability « will getabelov 50%onanexam?

g) Asin part(b), supposastudentvrites N testsgettinggradesy,, . . ., gv, andthegradesare
independent.

Whatis &,,, (g1, - - ., g ), the Maximum Likelihood estimateof the students ability?



[28%] 3. NonParametric Estimation:

Supposeave have a one-dimensionahon-parametri@stimationproblem.We’re given N samples

L1y...,TN-

a) Write down the generaform for py;,: () for thehistogrammethod.
Shaw that [ ppi.(z)dz = 1; thatis, shov thatthe estimated®DFis normalized.Note: you
don’t needto makeary assumptionaboutnumberof binsor bin widths.

b) Write down the generaform for p,,,.(z) for the Parzenmethod.
Shaw that [ p,...(z)dz = 1; thatis, shov thatthe estimated®DFis normalized.Note: you
don’t needto makeary assumptiongaboutthe type of window shapeor its width.

c) Briefly describenow onecompute%y....(z) for thekNN method.
Shaw that [ pi..(z)dz > 1; thatis, shov thatthe estimatedPDF is never normalized,no
matterwhatthe datapointsz,, ..., zy are.

d) Briefly describehe advantage®f the Parzenmethodover histogramsr KNN. Thatis, why
dowe normally preferParzen?

Now supposeve have two equallylikely classesandatotal of four datapointsin 1D:

CIaSSA r1 = —3, Lo — —1
ClassB: z3 = +1, ©4 = +2

We wantto estimatep(z|A), p(z|B) from the four datapoints usingthe Parzenmethod,with a
Gaussiawindow having a standardleviationof 1.0

e) Draw aneatsketchof p(z|A), p(z|B).

f) Now supposewe usep(z|A), p(z|B) to developa ML classifier How mary classification
boundariesvill therebe?Why?

Clearlytherewill beaboundarybetweerthetwo clustersnear0. Will the boundarybe at
zero,slightly below zero,or slightly abore? Why?

g) Supposé proposehefollowing classifier:

e A ifz<0

Say zreB ifz>0

Basedon p(z|A) andp(z|B), whatis the probability of classificatiorerror P(€)?



[25%] 4. Prototypes

We wantto exploredifferentchoicesof prototypes.

a) Define a “prototype’ For what sortsof PatternRRecognitionproblemsdo we careabout
prototypes?

b) Trueor False:As k increasesthe kNN prototypecornvergesto the meanprototype.
c) Trueor False:As k increasesthe kFN prototypecorvergesto the meanprototype.

d) Forthe kNN or kFN prototypeswhatarethe tradeofs in varying 4? Thatis, whatarethe
prosandconsassociateavith choosinga large or a smallvalueof £?

e) Considerthetwo clustersbelow:

Eachsoliddotis onedatapoint. Notethatthe clustersarethe same gxceptthattheright one
hastwo additionalnoisypoints.

Let our definitionof distanceébethe normalEuclidean(standardblackboard”)distance.

Thenfor every sortof prototypedefinition,we candrav a constant-distanceontourfor the
cluster for example
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Obviouslywe’ll have acontourfor every possibledistance Draw constantlistancecontours
passinghroughthe opencircle (asl did in theabose examplesthe opencircleis notadata
point) for both of the clusterdor eachof thefollowing five prototypedefinitions:

1. Mean

2. FN

3. NN

4. 2NN

5. 4NN

The following two pagesprovide templateghatyou may find easierto usethanredraving
theclusterdan yourexambook.



You mayfind thefollowing helpful for answeringQuestior.
Makesureyou clearlylabelwhateachplot is answering.
Make sureyour constant-distanceontourspasshroughthe opencircle.
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A secondpage(you may or may not needit).
Makesureyou clearlylabelwhateachplot is answering.
Make sureyour constant-distanceontourspasshroughthe opencircle.
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