
SD 372 Intro. to PatternRecognition April 9, 2001

FinalExamination

ProfessorPaulFieguth

Aids Permitted: Two 8.5x11pages,No calculator.
Pleaseturn off cellphones,pagers,andother pointlesselectronicgadgets
etc.

*** Well-drawn sketches/ diagramscanbevery helpful. ***

The gradevaluefor eachquestionis indicatedin brackets[ ] next to the
questionnumber. I will givepartmarksfor relevantstatementsor insights.

Manageyour time!!! This is themostcommonproblemwhich I seeamong
students.

[2%] BonusQuestion
Do NOT wasteyour timehereunlessyouarehappywith youranswersto therestof theexam!!!

I havenoideawhereI cameacrossthefollowing. I hadto evaluatethisaspartof somegradschool
assignment.I did it usinga calculator, but it turnsout you cansolve it analytically. Reducethe
following to asimple,analyticexpression:
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[22%] 1. MICD

GIVEN: Two clustersin 2D space� with meansandcovariancesasfollows:
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a) Sketchtheunit standard-deviationellipsefor class' .

b) Sketchtheunit standard-deviationellipsefor class( .

c) Draw asketchshowing thetwo classesandtheMED classificationboundary.

d) Similarly sketch(but don’t try to compute)theMICD classificationboundary.

e) UseFisher’s methodto find thebestfeaturedirection ) .

f) Let ournew featurebe * � ) +,� . Find themeanandvarianceof classes' and ( on * .
g) Sketch(don’t try to compute)theMICD classificationboundaryon * .
h) Note that a classifieron * implies a classifieron � . That is, for each � we find * � ) +-�

andthenwe determinetheclassbasedon * . Sosketchtheclassificationboundaryof your
MICD classifierfrom (g), but sketchit backin the2D domainof � , togetherwith theunit
standard-deviationellipsesfor ' and ( .



[25%] 2. Parameter Estimation

Every studentknows that exam gradesarepretty variable– you have gooddaysandbaddays
etc. Let’s supposethata students“intrinsic” ability is representedby anunknown . , where . is
measuredin percent.But thegrade/ (alsomeasuredin percent)thata studentgetsonanexam(a
“measurement”)is Gaussiandistributedaroundtheability . :
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a) Whatis theprobabilitythata studentof ability . will getagradebelow 50%onanexam?

b) Normallywetry to geta betterideaof a student’sability by having themwrite severaltests.
Supposeastudentwrites B tests,gettinggrades/DC�EGFGFHF8EI/KJ , andthegradesareindependent.

Whatis L.NMPO � / C EGFGFGFGEQ/ J � , theMaximumLikelihoodestimateof thestudent’s ability?

c) Whatis theprobability, asa functionof . , that L. MPO � / C EHFGFGFGEI/ J � is below 50%?

d) It is interestingto assesshow more andmore tests(larger B ) affect the precisionof the
estimatedL. . Find thelimit (showing yourwork) ofRTSVUJPWYX Pr

� L.ZMPO � / C EGFHFGF8EQ/ J �\[�]? ^�
first for thecase. � $`_ , andsecondlyfor thecase. � ] �

.

Maybea Gaussiandistribution isn’t sucha goodmodelfor how an exam grade/ is distributed,
becauseit seemsmorelikely thatonewould have a badday, or accidentallymessup a question,
thanto accidentallygeta wholelot of questionsright. Maybeit is morereasonableto saythatthe
actualgrade/ canneverbehigherthan . . For therestof this question,supposewemodel / as

0 � /21a. � � ;  /cb�.CCed 587:9>fhg�i^jCedlk /cmA.
e) Draw asketchof 0 � /21 . � for . �on ] .
f) Whatis theprobabilitythata studentof ability . will getabelow 50%onanexam?

g) As in part(b), supposeastudentwrites B tests,gettinggrades/ C EGFGFGFGEQ/ J , andthegradesare
independent.

Whatis L. MPO � / C EGFGFGFGEQ/ J � , theMaximumLikelihoodestimateof thestudent’s ability?



[28%] 3. NonParametric Estimation:

Supposewe have a one-dimensionalnon-parametricestimationproblem.We’re given B samples� C EGFGFGF�Ep� J .

a) Write down thegeneralform for L0rq�sTtvu � � � for thehistogrammethod.

Show that w"L0rq�sVtxu � � �Qy � � �
; that is, show that theestimatedPDFis normalized.Note: you

don’t needto makeany assumptionsaboutnumberof binsor bin widths.

b) Write down thegeneralform for L0^zp{Q|Q} � � � for theParzenmethod.

Show that w L0 zp{Q|Q} � � �Qy � � �
; that is, show thattheestimatedPDFis normalized.Note: you

don’t needto makeany assumptionsaboutthetypeof window shapeor its width.

c) Briefly describehow onecomputesL0:~I��� � � � for thekNN method.

Show that w L0r~Q�8� � � �Qy ��b �
; that is, show that theestimatedPDF is never normalized,no

matterwhatthedatapoints � C EGFGFHF8Ep� J are.

d) Briefly describetheadvantagesof theParzenmethodoverhistogramsor kNN. Thatis, why
do wenormallypreferParzen?

Now supposewe have two equallylikely classesanda totalof four datapointsin 1D:

ClassA: � C � & � E\� 
�� & �
ClassB: ��� � �<� E��r� � � 


We want to estimate0 � ��1 ' � E 0 � ��1�( � from the four datapointsusingthe Parzenmethod,with a
Gaussianwindow having a standarddeviationof 1.0

e) Draw aneatsketchof L0 � ��1 ' � ErL0 � ��1�( � .
f) Now supposewe use L0 � ��1a' � ErL0 � ��1�( � to developa ML classifier. How many classification

boundarieswill therebe?Why?

Clearly therewill bea boundarybetweenthetwo clusters,near0. Will theboundarybeat
zero,slightly below zero,or slightly above?Why?

g) SupposeI proposethefollowing classifier:

Say
����' if � [� ����( if �"�  

Basedon L0 � ��1a' � and L0 � ��1�( � , whatis theprobabilityof classificationerror � �I� � ?



[25%] 4. Prototypes

We wantto exploredifferentchoicesof prototypes.

a) Define a “prototype.” For what sortsof PatternRecognitionproblemsdo we careabout
prototypes?

b) Trueor False:As � increases,the � NN prototypeconvergesto themeanprototype.

c) Trueor False:As � increases,the � FN prototypeconvergesto themeanprototype.

d) For the � NN or � FN prototypes,whatarethe tradeoffs in varying � ? That is, whatarethe
prosandconsassociatedwith choosinga largeor a smallvalueof � ?

e) Considerthetwo clustersbelow:

Eachsoliddot is onedatapoint. Notethattheclustersarethesame,exceptthattheright one
hastwo additionalnoisypoints.

Let ourdefinitionof distancebethenormalEuclidean(standard“blackboard”)distance.

Thenfor every sortof prototypedefinition,we candraw a constant-distancecontourfor the
cluster, for example

Obviouslywe’ll haveacontourfor everypossibledistance.Draw constantdistancecontours
passingthroughtheopencircle (asI did in theabove examples;theopencircle is not a data
point) for bothof theclustersfor eachof thefollowing fiveprototypedefinitions:

1. Mean

2. FN

3. NN

4. 2NN

5. 4NN

The following two pagesprovide templatesthatyou mayfind easierto usethanredrawing
theclustersin yourexambook.



Youmayfind thefollowing helpful for answeringQuestion4.
Makesureyouclearlylabelwhateachplot is answering.

Makesureyourconstant-distancecontourspassthroughtheopencircle.



A secondpage(youmayor maynotneedit).
Makesureyouclearlylabelwhateachplot is answering.

Makesureyourconstant-distancecontourspassthroughtheopencircle.


