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Finite element estimation of electrostatic double layer interaction
between colloidal particles inside a rough cylindrical capillary:

effect of charging behavior
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Abstract

In this paper, we present the electrostatic double layer (EDL) interactions between colloidal particles trapped inside a rough cylindrical
capillary based on finite element analysis of the governing Poisson–Boltzmann equation. The effective EDL force between the particles is
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valuated for different combinations of charging behavior (constant potential and constant surface charge density) of the partic
apillary wall. Effect of capillary wall roughness is estimated using a simple model of a rough surface, which assumes the capillary
periodic function of axial position. The interaction force experienced by the particles was affected significantly by the proximity of
apillary wall, the charging behavior of the particles and the capillary wall, as well as the amplitude and frequency of the wall roug
2005 Elsevier B.V. All rights reserved.
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. Introduction

The Derjaguin–Landau–Verwey–Overbeek (DLVO)
nteraction between colloidal particles is of paramount
mportance for understanding many natural and industrial
rocesses involving colloidal dispersions, such as flow

hrough porous media, deposition of particles, capillary
lectrophoresis, chromatographic separations, micro-fluidic
ctuation, and membrane separations[1–4]. In the DLVO

heory, it is assumed that the interacting bodies are in an
nfinite medium. However, in real systems, most colloidal
nteractions occur in confined domains, like porous media
r microscopic channels, where particles simultaneously

nteract with other particles and the wall of the confining
eometry. In addition to confinement, all surfaces are

nherently rough at small length scales, which can signif-
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icantly modify the nature of the interactions. For instan
surface roughness is typically considered as a pos
cause for the large discrepancies observed betwee
theoretical predictions and experimental observation
particle deposition, hetero-coagulation, colloidal fouling
surfaces, and various others engineered and natural pro
[5–12].

During the past several decades, considerable attentio
been devoted toward accurate prediction of colloidal inte
tions for various geometries, for instance, particle–par
interaction in infinite domains, particle–plate interact
and interaction between a particle with cylindrical capill
[13–22]. However, particle–particle interactions in confin
domains have not been studied as rigorously. Calculatio
the net electrostatic double layer (EDL) interaction in s
confined geometries is a non-trivial problem that requ
addressing the electrostatic interactions in a “three-b
system comprised of the two particles and the wal
the confining domain. In a confined system, the pres
of charge on the confining walls alters the electro
927-7757/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
oi:10.1016/j.colsurfa.2004.12.059
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Nomenclature

a radius of the particle
A size ratio (=b/a)
b mean radius of the rough capillary
e electronic charge (1.6× 10−19 C)
E electrostatic field vector
Er , Ez components of the electric field vector along

ther- andz-directions, respectively
F force
fz scaled force acting along thez-direction
Fz component of force acting along thez-direction
h surface-to-surface separation distance between

particles
i index number (0 ton)
I identity tensor
k Boltzmann constant (1.38× 10−23 J K−1)
k unit vector in the positivez-direction
n unit surface normal vector
n∞ ionic number concentration in the bulk solution

(m−3)
nr , nz components of the unit surface normal along

ther- andz-directions, respectively
qp surface charge density (C m−2)
r radial coordinate in the cylindrical coordinate

system
S semicircular boundary of the spherical particle
T temperature (K)
T ij component of stress tensor
z axial coordinate in the cylindrical coordinate

system

Greek symbols
α amplitude of the rough capillary
∂Ω boundary of the computational domain
ε0 dielectric permittivity of vacuum

(8.8542× 10−12 C2 N−1 m−2)
ε dielectric constant of the suspending fluid
κ inverse of Debye screening length, Eq.(3)
λ wavelength of the rough capillary
η scaled amplitude
ν absolute value of the valency for a symmetric

(ν·ν) electrolyte solution
Π osmotic pressure
σc scaled surface charge density of capillary wall
σp scaled surface charge density of particle
ψ electric potential (V)
Ψ scaled potential (=νeψ/kT)
Ψp,Ψc scaled surface potentials of particle and capil-

lary, respectively
Ψp,∞ scaled surface potential of an isolated spherical

particle
ξ scaled wavelength

Abbreviations
CC constant charge
CP constant potential
DLVO Derjaguin–Landau–Verwey–Overbeek
EDL electrostatic double layer
PB Poisson–Boltzmann

distribution inside the domain, which in turn influences the
net electrostatic interaction between two colloidal particles
in the confinement[23]. Furthermore, if the walls of the
confinement are rough, the electrolyte distribution is per-
turbed locally, which can cause further complications. The
overall consequence is that the EDL interactions between
colloidal particles in complex confined geometries cannot
be determined by commonly used pairwise summation of
the particle–particle and particle–wall interactions.

In this article, we use a previously developed model prob-
lem of two spherical colloidal particles inside a cylindrical
micro-capillary of comparable dimensions, with a periodic
undulation present on the capillary wall[24]. This problem
is a simple mathematical construct to assess the coupled influ-
ence of the charged capillary wall, as well as surface rough-
ness of the wall, on the electrostatic interaction between the
colloidal particles. Available techniques to calculate the inter-
actions between rough surfaces are mainly limited to the pair
interaction between two particles or particle-plate interaction
in an infinite medium[12,25–29]. Roughness of the confin-
ing domain, and its influence on the EDL interaction between
the confined particles has only been studied recently, and that
too, for constant potential particles[24]. The importance of
considering roughness on confining walls of a capillary stems
from our attempts to analyze the flow of particles inside mi-
c ion
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roscopic micro-fluidic channels. Typical micro-fabricat
ractices, which involve etching the channels on a sui
ubstrate, rarely yield smooth walls[24]. In many cases, th
oughness of the walls is substantial, and adversely influe
he manipulation of the particles by altering the electrical
istributions in the channel.

Here, we present finite element simulation results de
ng how presence of roughness on the confining walls
nfluence the electrostatic forces between two confined
icles for different combinations of charging behavior (c
tant potential and constant surface charge density) o
urfaces involved. The roughness is modeled as a pe
scillation in the capillary wall radius with various amp

ude and pitch, thus emulating a wide variety of rough
eatures. These simulation results indicate the profound
nce of the wall roughness on the particle-particle intera

orce, and how such roughness features coupled with d
nt charging behaviors of the surfaces can engender s
ant alterations in the electrostatic forces experienced b
articles.
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Fig. 1. Schematic representation of computational domain for simulating
the interaction between two spherical particles of radiusa inside a rough
cylindrical capillary of mean radiusb, amplitudeα and wavelengthλ. The
arcs BCD and EFG represent the particle surfaces; IJ represents the undula-
tion of the capillary, and AH is the axis of symmetry. Point X is located at the
middle of the channel aligned with a crest of the undulation. The particles
are moved equal distances from this reference point to attain different values
of κh.

2. Problem description and governing equations

2.1. Model geometry and Poisson–Boltzmann equation

In this section, we present a brief description of the mathe-
matical formulation, and some key steps used in the numerical
solution technique. A detailed description of the numerical
procedures is available elsewhere[23,24]. Fig. 1 shows the
cylindrical geometry under consideration in the present in-
vestigation along with the coordinate framework. Here, two
charged spherical colloidal particles of radiusa are sepa-
rated by a distanceh (distance of closest approach) in an in-
finitely long wavy capillary of mean radiusb and amplitude
α. The wavy pattern on the capillary wall is represented using
Bézier curves. The procedure of generating such features is
described in our previous work[24].

The electric double layer formed around the particles
due to the interaction of the ionized solution with the
charged particles in a dielectric medium is governed by the
Poisson–Boltzmann (PB) equation:

εε0∇2ψ = −
n∑
i=1

ni∞νieexp

(
−νieψ

kT

)
(1)

Hereε is the dielectric constant of the suspending fluid,ε0
i -
t
r hich
i se
d tion
i
t
c ym-
m
f

∇
w eter
κ

κ

Eq. (2) is valid within the electrolyte medium, i.e., outside
the charged bodies. The particles and the capillary are as-
sumed to be perfect dielectrics, and hence, we only solve
the PB equation in the symmetric electrolyte medium. Here,
we considered three different combinations of charged bod-
ies, namely: (i) two constant charge (CC) particles inside a
constant potential (CP) rough capillary; (ii) a CC and a CP
particle inside a CP rough capillary; and (iii) two constant
charge (CC) particles inside a constant charge (CC) rough
capillary.

2.2. Boundary conditions

Depending on the charging behavior of the surfaces im-
mersed in the dielectric, the electrostatic boundary conditions
at the solid liquid interfaces can be treated as constant surface
potential, constant surface charge, or surface charge regula-
tion conditions[13,16,31]. Usually, most charged interfaces
in aqueous electrolyte media tend to obey some form of a
charge regulatory behavior. However, it is known that con-
stant potential (CP) and constant charge (CC) conditions rep-
resent the limiting charging behaviors of the interfaces, and
provide a lower and an upper bound of the interaction, re-
spectively[16]. Accordingly, we only explore the cases of CP
and CC boundary conditions, expecting that these results will
r yer
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s the dielectric permittivity of vacuum,ψ is the electric po
ential expressed in Volts. The right hand side of Eq.(1) rep-
esents the volumetric charge density in the domain, w
s given by Boltzmann distribution of the ions in the diffu
ouble layer. The bulk solution ionic number concentra

s ni∞, νi is the charge number of theith ionic species,e is
he magnitude of the electronic charge,k is the Boltzmann
onstant, andT is the absolute temperature. Assuming a s
etric electrolyte (ν+ =−ν− = νi = ν; ni∞ =n∞), Eq. (1) is

urther simplified as[30]

2Ψ = κ2 sinh(Ψ ) (2)

hereΨ (=νeψ/kT) is the scaled potential and the param
is the inverse Debye screening length, defined as

=
(

2n∞e2ν2

εε0kT

)1/2

(3)
eflect the liming behavior of the electrostatic double la
nteractions. In our earlier study[24], we presented the inte
ction forces between two CP particles inside a CP capi

n the present investigation, we consider different comb
ions of CP and CC conditions at the solid liquid interfa

e also consider the interactions when all the surfaces
C conditions.
For the case of CC particles and CP capillary, the boun

ondition on the particle surfaces is defined as

n · ∇Ψ = σp for ∂Ω ∈ BCD and EFG (4

heren is the unit normal to the particle–electrolyte interf
ointing to the electrolyte, andσp is the scaled surface char
ensity, related to the interfacial charge densityqp (C m−2)
s

p = νeqp

κεε0kT
(5)

ere, the interfacial surface charge density of the partic
elated to the surface potential on the spherical particl
solation through[32]

p = Qp

4πa2

= κεε0kT

νe

[
2 sinh

(
1

2
Ψp,∞

)
+ 4

κa
tanh

(
1

4
Ψp,∞

)]

(6)

here Qp is the total surface charge, andΨp,∞ is the
urface potential of an isolated spherical particle. This s
mpirical relationship gives the charge density to within
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of the exact charge density on an isolated sphere forκa> 0.5
for any surface potential. Thus, known values of the surface
potential on a particle in isolation will provide the necessary
constant charge boundary conditions at the particle surfaces.

The boundary condition on the constant potential capillary
wall surface is

Ψ = Ψc for ∂Ω ∈ IJ (7)

while the remaining parts of the geometry (Fig. 1) are sub-
jected to symmetry boundary conditions

n · ∇Ψ = 0 for∂Ω ∈ all other segments (8)

This statement implies that the potential gradients normal to
these line segments are zero, wheren represents the unit nor-
mal to the surface. Clearly, this is an artificial boundary con-
dition on the segments JA and HI, and appropriate measures
must be taken in the numerical solution to ensure that this ar-
tificial boundary condition does not influence the accuracy of
the solution. The above construction provides the generalized
formulation of the electrostatic problem. Solution of the PB
equation in a given geometrical framework requires recasting
Eq. (2) in the proper coordinate system representing the ge-
ometry. Detailed formulations and necessary normalizations
are described elsewhere[23].

When one or both of the particle surfaces have constant
s .
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along thez-direction and can be written explicitly as

Fz = F · k = 2πκ2εε0

(
kT

νe

)2∫
s

[
nz

{
(coshΨ − 1)

+1

2
(E2

z − E2
r )

}
+ nrErEz

]
r dr (12)

where the subscriptS represents integration over the closed
surface of the particle. This integration can be performed on
either of the two particles. In the above expression,Fz is
the force acting along thez-direction,k is a unit vector in
the positivez-direction,nr andnz are the components of the
unit surface normal vectorn along ther- andz- directions,
respectively.Er andEz are the components of the electric
field vectorE along ther- andz- directions, respectively. The
term (coshΨ − 1) in Eq. (12) represents the osmotic pres-
sure contribution to the net EDL force, while the two remain-
ing terms in the square brackets represent the electrostatic
(Maxwell) stress. Finally, the axial force is represented in its
non-dimensional form, given by

fz = Fz

εε0

( νe

kT

)2
(13)

We note here that the force is calculated on the sphere BCD
with its center at the origin. Therefore, a repulsive force will
b e
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urface potential, we replace the boundary condition, Eq(4),
y a CP condition, given by

= Ψp for ∂Ω ∈ BCD and/or EFG (9

hereΨp is the potential on the particle surface.

.3. Force calculation

From the potential distribution obtained by solving
oisson–Boltzmann equation with appropriate boun
onditions, the electrostatic force on the spherical part
s calculated by integrating the total stress tensor, defin

ij =
(
Π − 1

2
εε0E · E

)
I + εε0EE (10)

ver the surface of a particle, yielding

=
∫∫
S

Tij · ndS

=
∫∫
S

[(
Π − 1

2
εε0E · E

)
I + εε0EE

]
· ndS (11)

ereF is the force acting on the spherical particle,T ij is the
tress tensor,E (=−∇ψ) is the electrostatic field vector,Π is
he osmotic pressure difference between the electrolyte
article surface and the bulk solution,n is the unit outward
urface normal, andI represents the identity tensor.

The net force acting on a sphere along the axial (z) di-
ection is determined from the component of Eq.(11)acting
e directed toward the negativez-direction, while an attractiv
orce will act along the positivez-direction. In some instance
he force is also calculated on the sphere EFG, where r
ive force will be directed toward the positivez-direction. In
he results presented, a negative value of the force im

ig. 2. Comparison between finite element results obtained in this
ith the finite difference results based on a Hermite collocation tech

n a bispherical coordinate system. Symbols represent the finite elem
ults of the electrostatic interaction force between two constant charge
articles in an unbounded electrolyte with scaled separation distancκh).
he line represents the finite difference collocation results. In the finit
ent solutions, the charge density on the particles was evaluated emp
q. (6) using a surface potentialΨp,∞ =−3.0, while in the finite differenc
ollocation method it was obtained by numerically solving the PB equ
round an isolated particle. The parameterκa is 1.0 in this and all subseque
gures.
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Table 1
Steps of the finite element adaptive mesh refinement scheme showing the convergence of the scaled EDL force (fz) between two constant charge spherical
particles with mesh refinements

Smooth capillary (η= 0.0) Rough capillary (ξ = 1.0,η= 0.1)

No. of elements Global error EDL force (fz) No. of elements Global error EDL force (fz)

1635 0.048077 15.416 1530 0.208299 19.005
3862 0.015875 15.528 3772 0.026864 19.276
8248 0.004868 15.494 8766 0.006949 19.220

18397 0.001545 15.491 20267 0.002344 19.275
37865 0.000520 15.489 45119 0.000713 19.251

Ψp,∞ =−3.0,Ψc =−3.0,κh= 0.4.

attraction, while positive value represents repulsion for all
cases.

2.4. Numerical solution

The numerical solution of the governing equations was
performed using a finite element software (FEMLAB®, Com-
sol Inc.). Details of the numerical computation are given in
[23]. Briefly, the non-dimensionalized PB equation was writ-
ten in an axisymmetric cylindrical coordinate system, with all
the lengths scaled with respect to the screening length of the
EDL interactions. In the scaled problem, the particle radius

was always fixed asκa= 1 and the capillary radius was set
to κb= 1.2. The roughness parametersα andλ were scaled
with respect to the particle radiusa. In the parametric studies,
the scaled wavelength of the roughness,ξ =λ/a,was varied
between 0.4 and 4. The scaled amplitude,η=α/a,was varied
from 0 (smooth capillary wall) to 0.15. For all simulations, the
boundaries AJ and HI were placed at least two particle radii
away from the outer edges of the particles to ensure that their
presence does not influence the interaction force calculations.
The forces were calculated for different separations between
the two particles. In these calculations, it was ensured that
the contact between the two particles (κh= 0) always occurs

F
i
o
Ψ

ig. 3. Effect of the scaled amplitude of the roughness (η) on the particle–particle
nside a constant potential (CP) rough capillary. The simulations were perfo
f the capillary wall (Ψc) as indicated in parts (a)–(d). The charge density o

p,∞ =−3.0 on each particle at isolation. Different line types correspond to d
scaled electrostatic interaction force for two constant charge (CC) particles
rmed for four combinations of scaled wavelength (ξ) and scaled surface potential
n the particles was evaluated employing Eq.(6) assuming a surface potential
ifferent values of scaled amplitude of the roughness as indicated in the legend.
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at a point that coincides with the location of a crest of the
capillary (point X inFig. 1). All other finite separations were
obtained by moving the particles away from point X sym-
metrically. This ensured that the effect of the capillary wall
roughness is identical on the two particles.

In the subsequent sections, we provide the results obtained
for different types of charging behavior on the particles, start-
ing with the case of two CC particles inside a CP cylindrical
capillary.

3. Constant charge particles inside a constant
potential rough capillary

In this section, the electrostatic double layer forces be-
tween two constant charge (CC) particles inside a con-
stant potential (CP) cylindrical capillary with embedded wall
roughness are presented. Prior to presenting these results,
however, the accuracy of the numerical solution is demon-
strated by providing a comparison of the interaction force
between two constant charge particles in an infinite medium
(in absence of the capillary wall) obtained in this work with

F
s
(
e
Ψ

o

an independent numerical solution of the Poisson–Boltzmann
equation.

3.1. Force between constant charge (CC) particles in an
infinite medium

As mentioned earlier, the available studies in the literature
mainly deal with the problem of particle–particle interaction
in infinite media. To test the accuracy of the finite element
results in the present work, we considered one of the limiting
cases of the model, namely, interaction between two identical
spherical particles in an infinite electrolyte medium. Here we
assume that the capillary dimension is large enough compared
to the particle dimensions so that the effect of the capillary
is negligible on the net interaction between the particles. The
interaction force is calculated without further modification
of problem geometry or coordinate system. Furthermore, a
Neumann boundary condition was applied on the cylinder
wall (boundary IJ inFig. 1):

n · ∇Ψ = 0 on IJ (14)
ig. 4. Variations of the scaled electrostatic interaction force with scaled
eparation distance between the particles for different scaled wavelength
ξ) as indicated in the legend. Two parts of the figure represent two differ-
nt surface potential of the capillary wall, namely, (a)Ψc =−3.0 and (b)

c = +3.0 for a fixed amplitude of the wall roughness (η= 0.10), while all
ther parameters are identical asFig. 3.

F
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ig. 5. Electrostatic interaction force between two CC particles correspond-
ng to different surface potentials of the capillary for two values of scaled
mplitude (η= 0.05 and 0.10). The variations of the scaled electrostatic force
ith scaled separation between the particles are depicted for a fixed value
f scaled wavelength (ξ = 1.0) of the capillary, and a fixed value of scaled
urface charge density (evaluated usingΨp,∞ =−3.0) for both particles. Dif-
erent line types correspond to different values of scaled surface potential of
he capillary wall as indicated in the legend.
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A comparison of the interaction forces obtained from the
finite element simulations with the corresponding numerical
estimates obtained using a Hermite collocation technique
for two constant charge particles interacting in an infinite
electrolyte medium[16,20] is depicted inFig. 2. The solid
line represents the results from the Hermite collocation
technique in a bi-spherical coordinate system while the
symbols represent the results obtained from the finite
element simulation in a cylindrical coordinate system. The
interaction forces obtained from the finite element model are
virtually identical to the collocation results over the entire
range of scaled separation distances, 0 <κh< 4 (Fig. 2).
Although the finite element results slightly deviate from the
collocation results at larger separations, at small separations
both results show a good agreement with each other. This
implies that the numerical solution procedure employed in
the present work provides reliable predictions of the EDL
force.

It was also ensured that the results shown in this arti-
cle are independent of the finite element mesh. The results
obtained from different steps of the adaptive mesh refine-
ment technique are given inTable 1for the case of two con-
stant charge spherical particles (Ψp,∞ =−3) inside a constant
potential cylindrical capillary (Ψc =−3) at a fixed scaled
separation distance,κh= 0.4 between the particles. The re-

sults are shown for a smooth and a rough capillary. For
the rough capillary simulations, the roughness is represented
by the scaled wavelength and amplitude, defined asξ =λ/a
and η=α/a, respectively. From this table, it is clear that
as we refine the mesh, the scaled EDL force (fz) obtained
from the numerical solution of the PB equation converge
toward a fixed value. Forη= 0 (smooth capillary), the re-
sults are within 0.02% of each other for the two highest
number of elements. For a rough capillary (η= 0.1), conver-
gence of the EDL forces is comparatively slower than the
smooth capillary. This is mainly due to the fact that more
elements are needed to accurately map the curved surfaces
of the rough capillary wall. In case of rough capillaries, the
forces tend to converge in an oscillatory manner, and re-
sults are within 0.1–0.2% for the two highest number of ele-
ments.

3.2. Force between constant charge (CC) particles
inside constant potential (CP) rough capillary

The force acting in the axial direction on a spherical parti-
cle was determined for wide ranges of the surface roughness
governed by the scaled amplitude of the roughnessη (defined
by amplitude/particle radius), and scaled pitch or wavelength
ξ (the pitch of the undulations scaled with respect to particle

F
p
a

ig. 6. Components of the scaled double layer interaction force as a functio
erformed for a fixed value of scaled amplitude (η= 0.05), and a fixed value of sca
re shown in the figure legend. Three lines represent osmotic force (dotted l
n of scaled separation distance between the CC particles. The simulationswere
led surface charge density (evaluated usingΨp,∞ =−3.0). All other conditions
ines), Maxwell force (dashed lines), and total EDL force (solid lines).
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radius). Furthermore, a wide range of the scaled particle-
particle separation distanceκh, and various combinations of
the surface potentials on the particle surface and capillary
wall were explored, keeping the size ratioA (=b/a) constant.
In the following, the influence of the surface roughness on
the electrostatic interaction is discussed for different values
of surface potentials on the cylindrical capillary.

Fig. 3shows the variation of the interaction force between
two constant charge (CC) spherical particles inside a rough
cylindrical capillary with the scaled separation distance be-
tween the spherical particles (κh). In this figure, the forces
are calculated for a fixed particle size (κa= 1), a fixed value
of the size ratioA=b/a= 1.2, and a fixed dimensionless sur-
face potential on an isolated particle surface,Ψp,∞ =−3. The
surface charge density on the particles was calculated using
Eq. (6) based on the fixed surface potential of an isolated
spherical particle. The results inFig. 3a and b correspond to
Ψc =−3 on the capillary wall, while the results inFig. 3c and
d correspond toΨc = +3. In each part ofFig. 3, four curves
are obtained corresponding to four values of the scaled am-
plitude,η, of the capillary wall roughness. Furthermore, the
simulations were performed for two different values of the
scaled wavelength,ξ, as indicated in each part ofFig. 3.

At small separations between the spherical particles,
κh< 0.5, the interaction forces between the particles remains
relatively unaffected by the presence of the capillary wall.
Neither the wall surface potential, nor the wall roughness in-
fluence the short range EDL interaction force between the
particles. At larger separations, however, the effect of the
capillary wall becomes more prominent on the EDL force.
Strikingly, even similarly charged particles experience a pe-
riodically attractive and repulsive EDL force depending on
the wavelength and amplitude of the wall roughness. At
large separation between the particles, the oscillatory be-
havior of the interaction force is primarily an outcome of
the interaction between the individual particles and the cap-
illary wall. Overall, one observes a slight amplification in
the magnitude of the interaction force when the cylinder
wall potential has opposite sign to the particle surface po-
tential. It is interesting to note fromFig. 3b and d, that al-
tering the sign of the cylinder surface potential causes no
qualitative changes in the oscillatory force profiles when the
scaled wavelength of the wall roughness is 2. In other words,
for roughness wavelengths greater than the particle size, the
sign of the wall potential bears no consequence on the be-
havior of the EDL force between constant charge particles.

F
i
w
o

ig. 7. Effect of the scaled amplitude of the roughness (η) on the scaled electro
nteracting with a constant potential (CP) particle inside a constant potentia
avelengths (ξ) and two scaled surface potentials of the CP capillary (Ψc). The cha
f −3 in Eq.(6) while the surface potential of the CP particle is set to−3. Other s
static interaction force experienced by a constant charge (CC) particle while
l (CP) rough capillary. The scaled electrostatic force is calculatedfor two scaled
rge density of the CC particle is obtained using an isolated particle potential
imulation parameters are identical asFig. 3.
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This happens for constant potential conditions on the cylinder
wall.

The influence of varying the wavelength of the capillary
wall roughness on the interaction force is depicted inFig. 4.
In these simulations, the amplitude of the wall roughness was
fixed at 0.1. The forces corresponding two four values of the
wavelength are depicted inFig. 4a and b. In all the simu-
lations, the particle surface potential was set at−3. Fig. 4a
shows the scaled forces when the capillary wall surface poten-
tial is −3. In this case, the interaction force is not influenced
by the roughness when the wavelength is smaller (ξ = 0.4)
than the particle radius. For intermediate wavelengths, the
interaction force becomes oscillatory reflecting the periodic-
ity of the capillary wall roughness. When the cylinder wall
surface potential is +3 (Fig. 4b), the interaction force magni-
tudes increase substantially, and we observe a considerable
influence of the wall geometry on the EDL forces. Notably,
for ξ = 4, the decay behavior of the interaction force becomes
considerably different from the remaining force profiles.

The effect of different capillary wall surface potentials on
the EDL interaction between two CC particles is depicted
in Fig. 5. All simulation conditions are shown in the figure
legend and caption. These figures indicate that changing the
sign of the dimensionless surface potential of the capillary
wall (Ψc) induces a significant change of repulsive force be-
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the EDL forces are susceptible to tremendous influence of
the confining domain as the separation between the particles
increases. It was noted in our earlier work[24] that for con-
stant potential particles, the entire contribution to the EDL
force comes from Maxwell stresses, since the osmotic stress
on the constant potential particle surface vanishes upon inte-
gration. In the present simulations, we note that the osmotic
stresses become negligible only when the confining walls of
the capillary have a surface potential of opposite sign to the
particles.

4. Interaction between constant charge and constant
potential particles

In this section, we focus on the case when the two confined
particles have different types charging properties, namely,
constant potential and constant surface charge density. Here,
the surface of one particle (sphere BCD) is assigned a con-
stant surface charge density as Eq.(4)while the other particle
(sphere EFG) is assigned a constant potential ofΨp, (Eq.(9)).
The capillary wall is subjected to a constant potential ofΨc.

Fig. 8. Variations of the scaled interaction force experienced by a CC particle
interacting with a CP particle in a constant potential rough capillary. Two
parts represent the results for two values of scaled amplitude (η= 0.05 and
0.10) and a fixed dimensionless wavelength (ξ = 1.0). The scaled surface
potential of the CP particle and the scaled surface charge density of the CC
particle are identical to those used inFig. 7.
ween the particles at small separations. Forη= 0.1, effect o
he surface potential is more prominent at large separ
istances thanη= 0.05. However, changing the magnitude

he potential keeping the sign unchanged did not show
ignificant change on the interaction force.

In summary, the interaction force profiles show rem
bly varied trends depending on the roughness and su
otential of the confining geometry. For constant charge

icles, one might find such variations of the force, particula
he presence of attractive interactions between two identi
harged particles, quite counterintuitive. However, close
pection of the components of the total force, namely
smotic stress and the Maxwell stresses, reveals that
scillations are entirely feasible in such confined geome
his is at least mathematically consistent in the framew
f the Poisson–Boltzmann model and its assumptions.Fig. 6
epicts a few representative cases, where the total for
particle and its two components (osmotic and Max

orces) are shown for different combinations of wall rou
ess and wall surface potentials. In these simulations

solated particle surface potential is set to−3. Fig. 6a and b
how the results for a roughness wavelength (ξ) of 1 while
ig. 6c and d depict the forces forξ = 2. ComparingFig. 6a
ith b, as well as 6c with 6d, we note that changing the
f the cylinder surface potential alters the dominating in
nce of osmotic and Maxwell stresses on the total EDL fo
hen the particle and cylinder surface potentials are o

ame sign, the osmotic stress contribution dominates,
or opposite signs of these surface potentials, the Max
tress becomes the dominant contributor to the total int
ion force. It is thus evident that for constant charge parti
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The potential on the isolated CC particle as well as the CP
particle were set to−3 in these simulations. Other simulation
parameters are identical to those used inFig. 3.

4.1. Force experienced by constant charge (CC) particle

We first focus on the net force experienced by a CC par-
ticle in presence of the CP capillary wall and a CP particle.
Fig. 7 depicts the variation of the interaction force experi-
enced by the constant charge spherical particle for this case
with the scaled separation distance between the particles (κh).
The results were obtained for four values of scaled amplitude,
namely,η= 0, 0.05, 0.1, and 0.15 of the roughness.Fig. 7a and
b show the scaled electrostatic forces for scaled wavelengths
of ξ = 1 and 2, respectively, while keeping the capillary sur-
face potential−3 (same sign and magnitude as the surface
potential on the isolated particles).Fig. 7c and d show the
corresponding forces when the scaled capillary potential is
+3 (opposite in sign compared to the potential on an isolated
spherical particle).

The force experienced by the CC particle inFig. 7a and
b are significantly lower than the corresponding forces in
Fig. 7c and d. This implies that the potential of the capillary

wall, coupled with the presence of a CP particle in the vicinity
will drastically alter the force experienced by the CC particle.
Notably, for the case of two interacting CC particles in a cap-
illary, the short-range force was generally unaffected by the
capillary wall potential (Fig. 3). When the surface potential
of the capillary wall is switched to +3 (Fig. 7c and d), the
interaction force on the CC particle becomes largely repul-
sive for small values ofκh. In fact the results inFig. 7c and
d are almost identical to those observed for the interaction
between two CC particles inFig. 3c and d. Thus, the force
experienced by the CC particle is strongly influenced by the
magnitude and sign of the surface potential of the capillary
wall.

This dependence of the force experienced by the CC par-
ticle on the capillary wall surface potential is depicted more
clearly inFig. 8. Here, we observe that the interaction force
for small values ofκhdramatically increases (becomes more
repulsive) as the capillary wall potential is varied from−3
to +3. Notably, the forces do not seem to depend strongly on
the amplitude of the capillary wall roughness as observed by
comparing the forces fromFig. 8a and b. Only at larger sepa-
rations do we see some influence of the roughness amplitude
on the interaction force.

F
i
i

ig. 9. Effect of the scaled amplitude of the roughness (η) on the scaled electros
nteracting with a constant charge (CC) particle inside a constant potential
ntegration of the total stress tensor is performed over the CP particle (surfac
tatic interaction force experienced by a constant potential (CP) particle while
(CP) rough capillary. All other conditions are identical asFig. 7, except that the
e EFG inFig. 1).
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4.2. Force experienced by constant potential (CP)
particle

We now turn our attention to the forces experienced by
the CP particle in the same system. The interaction forces
experienced by the CP particle are shown inFig. 9. All con-
ditions and parameters inFig. 9are identical to those inFig. 7,
excepting the calculation of the forces, which are now per-
formed by integrating the stress tensor over the surface of the
CP particle (sphere EFG).

For identical sets of parameters, the force experienced by
the CP particle is significantly lower when the surface po-
tential of the capillary wall is−3 (Fig. 9a and b) as opposed
to when the capillary wall surface potential is +3 (Fig. 9c
and d). The forces are dramatically enhanced when the cap-
illary wall potential is opposite in sign to the particle sur-
face potential. Considering the fact that for a CP particle,
the isotropic osmotic stress, integrated over the particle sur-
face vanishes, this enormous fluctuation of the net force
is solely the outcome of the largely unbalanced Maxwell
stresses acting on the particle. We note that the force indeed
passes through zero when the particle is symmetrically lo-
cated at the crest or trough of an undulation in the capillary
wall.

One should note that in these simulations, the distance
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Fig. 10. Variations of the scaled interaction force experienced by a CP par-
ticle interacting with a CC particle in a CP capillary for different surface
potentials of the capillary. The two parts of the figure represent the results
for two values of scaled amplitude (η= 0.05 and 0.10) and a fixed dimen-
sionless wavelength (ξ = 1.0). The scaled surface potential of the CP particle
and the scaled surface charge density of the CC particle are identical to those
used inFig. 7.

5. Constant charge particles inside constant charge
rough capillary

The interaction forces were presented so far for the situa-
tions where the capillary wall had a constant surface potential.
Results for constant charge density on the capillary wall are
presented in this section. Here, both particles as well as the
capillary wall are assigned a constant surface charge density.
While the particle charge densities are assigned using Eq.(6)
and a given surface potential at isolation, the capillary wall
charge density is assigned different values arbitrarily.

The effect of the constant charge rough capillary on the in-
teraction forces between two CC particles is shown inFig. 11.
The simulations were performed under identical conditions
as inFig. 3, except for constant surface charge density con-
ditions on the capillary wall. The results inFig. 11a and b
correspond to the case when the scaled surface charge den-
sity on the capillary wall isσc =−6.8 (equal to the parti-
cles surface charge density,σp), while the results inFig. 11c
and d correspond toσc = +6.8. Typically, for 0.001 M sym-
metric (1:1) electrolyte solution,σc = 6.8 corresponds to
etween the particles is varied by symmetrically moving
articles away from the center of the capillary (point X
ig. 1), such that both particles are equidistant from the s

ng point at any given separation. This implies that the fo
xperienced by each particle should be identical. This
bserved in the simulations for two CC particles, where

egration of the stress tensor over both particles provide
ame force. ComparingFigs. 7 and 9, however we observe
astly different interaction force on the CC and CP parti
n rough capillaries. A closer inspection of the solid li
n Figs. 7 and 9reveal that when the capillary wall has
oughness, the force experienced by the CC and the CP
les are identical. Therefore, the large difference betwee
orces seen on the CC and CP particles inside rough cap
es solely arises due to the roughness and the surface po
f the capillary wall. The capillary wall affects the stress
or differently on the CC and CP particles, yielding differ
agnitudes of the force on them.
Fig. 10depicts the variation of the interaction force on

P particle with different surface potentials on the capil
all. When both the capillary and particle surface poten
ear similar signs, the force on the CP particle is margin
ffected. However, if the capillary wall surface potentia
pposite in sign to the particle potential, we observe l
scillations in the interaction force. In summary, presenc
oughness appears to induce a significant oscillation in
orces experienced by a CP particle, which alternately
ome attractive and repulsive, emulating the periodic na
f the roughness. This effect is particularly pronounced w

he surface potentials on the particle and the capillary
ave opposite signs.



102 P.K. Das, S. Bhattacharjee / Colloids and Surfaces A: Physicochem. Eng. Aspects 256 (2005) 91–103

Fig. 11. Effect of the scaled amplitude of the roughness (η) on the particle–particle scaled electrostatic interaction force for two constant charge (CC) particles
inside a constant charge (CC) rough capillary. The simulations were performed for combinations of two scaled wavelengths (ξ) and two scaled surface charge
densities of the capillary wall (σc). The scaled surface charge density of the CC particles is same as inFig. 3. Different line types correspond to different values
of scaled amplitude of the roughness as indicated in the legend.

1.26× 10−2 C m−2. When the scaled capillary wall charge
density is−6.8, the interaction force on the CC particles oscil-
lates considerably between positive and negative values, em-
ulating the periodic nature of the roughness of the capillary.
However, when the capillary wall charge density is +6.8, the
influence of surface roughness on the force becomes almost
negligible at small separation distances between the particles.
In particular, when the wavelength of the wall roughness is
comparable to the particle radius, the interaction force does
not depict any perceptible oscillatory nature even at large
separations.

The results ofFig. 11depict that even when all the surfaces
are similarly charged, and exhibit constant charge properties,
the confined particles can experience localized oscillations
in the interaction force owing to the presence of the rough
wall. The interaction force can attain fairly large negative
values (attraction) as shown inFig. 11b. It is therefore dis-
cernable that the EDL interaction between similarly charged
particles in narrow rough capillaries can become attractive
under a variety of conditions even within the framework
of the classical Poisson–Boltzmann equation. This behav-
ior is of course never observed in absence of capillary wall
roughness.

6. Summary and conclusions

The interaction force experienced by particles with dif-
ferent charging behaviors in a rough capillary exhibit a re-
markably diverse nature. The roughness of the capillary wall,
manifested by two parameters (amplitude and wavelength),
coupled with the surface charging behavior can render the
forces on the particles attractive or repulsive. The three sce-
narios explored in this study, namely, two CC particles in
a CP capillary, a CC and a CP particle in a CP capillary,
and two CC particles in a CC capillary, provide the following
key observations. First, the enormous variability of the forces
is a consequence of variation of both Maxwell and osmotic
stresses on the CC particles. In case of CP particles, this is
solely due to the variation of the Maxwell stresses. Secondly,
the force experienced by the CC and CP particles are quite
different when they are trapped together in a rough cylindri-
cal capillary. Thirdly, the effect of roughness is pronounced
only when the roughness wavelength is comparable to or
larger than the particle size. Finally, the capillary wall sur-
face potential and its charging behavior (constant potential or
constant surface charge density) have tremendous influence
on the force experienced by the particles.
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The huge fluctuations in the forces, and the ability to affect
significant variations in these forces by altering the capillary
wall geometry and its surface potential (or surface charge
density), seem to be an attractive means for development
of actuation mechanisms in micro- or nano-fluidic devices.
While certainly these effects will not be perceptible in case of
large particles (largeκa) or very small roughness amplitudes
compared to the particles, it is entirely possible to obtain
systems withκa values close to 1. For most non-aqueous
systems, the dielectric constant of the solvent can be signif-
icantly smaller than that of water, and consequently, smaller
values ofκa can be achieved with fairly large particles in
such solvents. Furthermore, solubility of ions is significantly
smaller in many such solvents, resulting in extremely long-
range EDL interactions. Thus, manipulating EDL forces on
colloidal particles in narrow cylindrical channels can be of
immense significance in a variety of applications related to
micro-scale separations, flow control devices, porous media
transport, and analytical systems.

The periodic nature of the oscillations in capillary wall
geometry modeled in this study can emulate a peristaltic mo-
tion of a “soft” capillary wall. It is apparent from our calcula-
tions that such peristaltic motion coupled with an appropriate
charging behavior can be effectively used to impart an axial
motion of the particles trapped inside the capillary in a con-
t ent
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