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Abstract

Predictions of electrostatic double-layer interaction forces between two similarly charged spherical colloidal particles inside an
long “rough” capillary are presented. A simplemodel of a rough cylindrical surface is proposed, which assumes the capillary wall to b
periodic function of axial position. The periodic roughness of the wall is characterized bythe wavelength and amplitude of the undulations
The electrostatic double-layer interaction force between two spherical particles located axially inside this roughcapillary is determined by
solving the nonlinear Poisson–Boltzmann equation employing finite element analysis. The effect of surface roughness of the
enclosure on the interaction force between two particles is extensively studied on the basis of this model. The simulations are
for dimensionless amplitudes (amplitude/particle radii) ranging from 0.05 to 0.15 and scaled wavelengths (wavelength/particle rad
from 0.4 to 4.0. The interaction force between the particles is significantly modified by the proximity of the rough capillary wall. Genera
the interaction force for rough capillaries oscillates around the corresponding interaction force in a smooth capillary depending on t
magnitudes of the scaled amplitude and wavelength of the roughness. The influence of roughness on the electrostatic interactio
more pronounced when the surface potential of the cylinder wall is different from the sphere surface potentials. When the cylind
particle surfaces have large potential differences, the axial force experienced by a particleis dominated by the capillary roughness. There ar
dramatic oscillations of the force, which alternately becomes repulsive and attractive as the particle moves from the crest to the troug
the rough capillary wall. These results suggest thatmanipulation of colloidal particles in narrow microchannels may be subject to significan
force variations owing to the roughness inherent in microfabricated channels etched on metal films.
 2003 Elsevier Inc. All rights reserved.

Keywords:Colloidal particle; Cylindrical capillary; Electrostatic interaction; Nonlinear Poisson–Boltzmann equation; Surface roughness; Finite element
analysis
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1. Introduction

The interaction force between colloidal particles, gen
ally obtained in the Derjaguin–Landau–Verwey–Overb
(DLVO) construct [1,2], is extensively used to describe n
ural and industrial processes involving colloidal particl
for instance, flow through porous media, microfluidic ac
ation, capillary electrophoresis, and chromatographic sep
rations [3,4]. The DLVO model provides the pair intera
tion between two charged colloidal objects in an infinite
electrolytic domain. Several applications, particularly th
involving particles in a confined domain, such as por
media, likely violate the limitations imposed by such
pair-potential approach. In these cases, the pore walls

* Corresponding author.
E-mail address:subir.b@ualberta.ca (S. Bhattacharjee).
0021-9797/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2003.10.003
modify the net interaction force between the colloidal pa
cles trapped inside the pore. Furthermore, in most na
processes, the confining pore geometry is extremely
erogeneous. Morphological heterogeneity, or roughnes
already considered a key factor in seriously altering
DLVO interaction energy and force between colloidal o
jects [4,5]. It is believed that the effect of surface roughn
on both the Lifshitz–van der Waals (LW) and the elect
static double-layer (EDL) forces, the two components of
DLVO interaction force [6], is substantial. For instance, s
face roughness is typically considered as a possible c
for the large discrepancies observed between the theor
predictions and experimental observations in particle de
sition, heterocoagulation, colloidal fouling of surfaces, and
various other engineered and natural processes [7–14].

During the past several decades, considerable attentio
has been devoted toward accurate prediction of colloidal

http://www.elsevier.com/locate/jcis
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interactions for various geometries, for instance, partic
particle interaction in an infinite domain, particle–plate
teraction, and interaction between a particle and cylindrica
capillary [15–20]. However, particle–particle interactions in
confined domains have not been studied as rigorously. W
it might be pertinent to assume pairwise additivity of d
persion forces and calculate the net LW interaction in s
systems by a simple extension of Hamaker’s microsco
approach [21], calculations of the net electrostatic dou
layer interaction in such confined geometries is consi
ably more difficult. In a confined system, the presence
charge on the confining walls alters the electrolyte dis
bution inside the domain, which in turn influences the
interaction between two colloidal particles in the confin
ment. Furthermore, if the walls of the confinement are rou
the electrolyte distribution is perturbed locally, which c
cause further complications. The overall consequence is th
the EDL interactions between colloidal particles in comp
confined geometries cannot possibly be determined by
ple pairwise summation procedures.

The objective of the present work is to obtain the elec
static double-layer interaction force between two spher
colloidal particles trapped inside a cylindrical capillary
comparable dimension, with a periodic undulation pres
on the capillary wall. This problem is a simple mathema
cal construct to assess the coupled influence of the cha
capillary wall, and the surface roughness of the wall
the electrostatic interaction between the colloidal partic
The importance of considering roughness on confining w
of a capillary stems from our ongoing attempts to anal
the flow of particles inside microscopic microfluidic cha
nels. In these microfluidic processes, we apply an elect
potential on the channel wall to induce movement of
colloidal particles. However,typical microfabrication prac
tices, which involve etching the channels on suitable meta
films, rarely yield smooth walls. In many cases, the rou
ness of the walls is substantial, which adversely influen
the manipulation of the particles by altering the electri
field distributions in the channel.

In this study, we present numerical simulation results
picting how such roughness on the confining walls can
fluence the electrostatic forces on the particles. We asse
the EDL interaction force between two colloidal particles
cated axially in a rough cylindrical capillary employing finite
element analysis. The roughness is modeled as a period
cillation in the capillary wall radius with various amplitud
and wavelengths, thus emulating a wide variety of rou
ness features. Since the governing Poisson–Boltzmann
equation is a nonlinear partial differential equation, and
capillary surface has a complex geometry, analytical s
tions cannot be obtained. The finite element technique,
ing to its ability to handle complex geometrical domains
one of the possible ways to solve such a problem. The s
lations presented here provide considerable insight regar
the electrostatic double-layer forces experienced by sp
ical particles in rough confinements and indicate poss
d

-

)

limitations imposed by channel wall roughness on pre
electrokinetic manipulation of nanoparticles in microch
nels.

2. Mathematical modeling of spherical particles inside a
rough capillary

The behavior of charged particles suspended in an e
trolyte inside a charged cylindrical capillary can be a
lyzed by solving the nonlinear Poisson–Boltzmann eq
tion with appropriate boundary conditions imposed on
charged particle and capillary wall surfaces. In this sect
we present a brief description of the mathematical formula
tion, particularly focusing on the procedures for genera
the rough capillary wall, and some key steps used in
numerical solution. A detailed description of the numerica
procedure is available elsewhere [22].

2.1. Computational domain, governing equation,
and boundary conditions

Fig. 1 shows the cylindrical geometry under conside
tion in the present investigation along with the coordin
framework. The schematic representation of the parti

(a)

(b) Case I

(c) Case II

Fig. 1. (a) Schematic representation of the computational domain for two
spherical colloidal particles inside a “rough” capillary. (b) Particles ar
moving uniformly from the crest of an undulation denoted by the poin
(case I). (c) Particles are moving uniformly from the trough of an und
tion (case II). Utilizing the symmetry around the horizontal axis (AH),
two-dimensional formulation of the governing equation was developed.
arc BCD and arc EFG represent the particle surfaces, while IJ represen
undulation of the capillary. The origin of the cylindrical coordinate syst
is located at O. The amplitude of the cylinder wall roughness is denote
α andλ represents the wavelength of the undulation.
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enclosed in the rough capillary is given in Fig. 1a, wh
Figs. 1b and 1c depict the geometric details of the axis
metric problem discussed in this paper. Here, two sphe
colloidal particles of radiusa are separated by a distanceh

(distance of closest approach) in an infinitely long “roug
capillary of mean radiusb, pitch (or wavelength)λ, and
amplitudeα. Two different cases are considered depend
on the relative particle position inside the capillary. Cas
(Fig. 1b) considers the crest of the undulation (R) as a
erence point, while case II (Fig. 1c) considers the troug
the undulating capillary as the reference point. The interac
tion forces between the particles are determined for each
these cases at various separation distances relative to th
erence point R. The ratio of the particle radius to the m
radius of the cylindrical capillary is denoted as the asp
ratioA (= a/b).

Utilizing the axisymmetry when the particles are axia
located in the capillary, the governing Poisson–Boltzman
(PB) equation can be written in the cylindrical coordin
system as

(1)
∂2Ψ

∂r̄2 + ∂2Ψ

∂z̄2 = sinh(Ψ ) − 1

r̄

∂Ψ

∂r̄
,

whereΨ (= veψ/kT ) is the scaled potential, and the sca
coordinates arēr = κr and z̄ = κz. The coordinates ar
scaled with respect to the Debye screening length,κ−1. For
a symmetric (v : v) electrolyte, the screening length is

(2)κ−1 =
(√

2n∞e2v2

εε0kT

)−1

,

wheren∞ is the bulk concentration of the ions (in num
bers/m3), ε is the dielectric constant of the suspending flu
ε0 is the dielectric permittivity of vacuum,e is the funda-
mental charge,v is the valence of the ions,k is the Boltz-
mann constant, andT is the absolute temperature.

The particle surfaces may be treated as either con
surface potential (CP) or constant surface charge de
(CC) boundaries. In our earlier study [22], both CP a
CC cases were considered to evaluate the interaction fo
between two spherical colloidal particles inside a char
cylindrical capillary. It was observed that the interact
force between the spheres was affected significantly by
proximity of the charged cylinder wall only for consta
surface potential particles. Accordingly, in the present
vestigation, we consideronly CP boundary conditions fo
the particle and capillary wall surfaces.

The boundary conditions for the problem are (Fig. 1)

(3a)Ψ = Ψp for ∂Ω ∈ BCD and EFG,

(3b)Ψ = Ψc for ∂Ω ∈ IJ,

(3c)n · ∇Ψ = 0 for ∂Ω ∈ AB, DE, GH, HI, and JA.

The last statement, Eq. (3c), provides the symmetry c
ditions on the fluid boundaries, implying that the poten
gradients normal to these line segments are zero. In
f-

t

s

equation,n represents the unit normal to the surface. Clea
this is an artificial boundary condition on the segments
and HI, and appropriate measures must be taken in the
merical solution to ensure that this artificial boundary con
tion does not influence the accuracy of the solution. To solve
Eq. (1) numerically, we used the finite element techni
with adaptive mesh refinement as described in our earlie
work [22]. The finite element simulations were perform
using FEMLAB (COMSOL, Inc.) software running on
MATLab (Mathworks, Inc.) platform in a personal compu
(with a 1 GHz Pentium III processor and 1 GB of RAM).

2.2. Generation of a rough surface

In the present investigation, Bézier curves are utilize
generate an undulating roughness pattern on the cap
wall. For a set of(n + 1) control pointsP0,P1, . . . ,Pn, the
corresponding Bézier curve is given by [23]

(4)b(t) =
n∑

i=0

PiBi,n(t), t ∈ [0,1],

whereBi,n(t) are Bernstein polynomials, defined as

(5)Bi,n(t) =
(

n

i

)
t i (1− t)n−i .

For numerical calculations, a rational Bézier curve is
fined by

(6)b(t) =
∑n

i=0 wiPiBi,n(t)∑n
i=0 wiBi,n(t)

, t ∈ [0,1],

wheren is the order,Bi,n are the Bernstein polynomial
Pi are control vertices of then-dimensional space, andwi

are the weights, which should always be positive real n
bers to get a properly defined rational Bézier curve.
Bézier curve always passes through the first and last co
points and lies within the convex hull of the control poin
One of the most useful properties of the rational Bé
curves is that the direction of the tangent vector att = 0 and
t = 1 is determined by the vectorsP1 − P0 andPn − Pn−1,
respectively. In other words, the curve will always be t
gent to the line connecting control verticesP0 andP1, and
also to the line connectingPn−1 andPn. We used quadrati
Bézier curves to avoid numerical instability associated w
higher order Bézier curves. Three control points are neede
to define a quadratic Bézier curve. Considering three con
pointsP0,P1, andP2, a quadratic Bézier curve is defined

(7)b(t) = (1− t)2P0 + 2t (1− t)P1 + t2P2.

Here t is a parameter between 0 and 1, whereb(0) = P0
andb(1) = P2, such that the curve passes through the c
trol points P0 and P2. The functions(1 − t)2, 2t (1 − t),
andt2 that are used to blend the control pointsP0,P1, and
P2 together are the second degree Bernstein polynom
Equation (6) is a linear combination of quadratic polyno
als, and therefore it represents a parabolic segment. Thu
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the quadratic Bézier curve is simply a continuous parab
curve and has continuous derivatives of all orders. Subst
ing Eqs. (5) and (7) in Eq. (6), the final form of the quadra
rational Bézier curve is written as

(8)b(t) = w0(1− t)2P0 + 2w1t (1− t)P1 + w2t
2P2

w0(1− t)2 + 2w1t (1− t) + w2t2
.

Throughout this study,w0 and w2 are kept constant to
maintain symmetry over the pointP1, while w1 is varied
to control the amplitude of the roughness and the two
or anchor points are used to vary the pitch. IfP1 and w1
are known, the amplitude of the asperities can be calcul
from the following relationship:

(9)α = P1

1+ w1
.

2.3. Calculation of electrostatic force

Once the potential distribution is obtained by solving
PB equation, the net electrostatic force between the two
ticles is given by integrating the stress tensor on any arbit
closed surface. In this study, the stress tensor was evalu
on the surface of one of the spherical colloidal partic
The stress tensor comprises an isotropic osmotic cont
tion and the Maxwell stresses arising from the electrost
field. Combining these, the electrostatic force on the sph
cal colloidal particle is expressed as

F =
∫
S

∫
Tij · ndS

(10)=
∫
S

∫ [(
Π − 1

2
εε0E · E

)
I + εε0EE

]
· ndS.

HereF is the force acting on the sphere,Tij is the electrosta
tic stress tensor,E (= −∇ψ) is the electrostatic field vecto
Π is the osmotic pressure difference between the electro
at the particle surface and the bulk electrolyte,n is the unit
outward surface normal, andI represents the identity tenso

The net force acting on a sphere along the axial(z) di-
rection can be determined from the component of Eq. (
acting along thez direction. Utilizing the fact that the in
tegral of the isotropic osmotic pressure term over a clo
surface of constant potential is always zero, the force ac
along thez direction can be written explicitly as

Fz = F · k

= 2πκ2εε0

(
kT

ve

)2

(11)×
∫
Sp

[
nrErEz + 1

2
nz

(
E2

z − E2
r

)]
r dr,

wherek is a unit vector in the positivez direction,nr andnz

are the components of the unit surface normal vectorn along
the r andz directions, respectively, andSp (the arcBCD in
d

this present case) represents the semicircular boundary o
spherical particle over which the integration is perform
Er andEz are the components of the electric field vectoE
along ther andz directions, respectively. Finally, the axi
force is represented in its nondimensional form, given by

(12)fz = Fz

εε0

(
ve

kT

)2

.

We note here that since the force is calculated on the sp
BCD with its center at the origin, a repulsive force will b
directed toward the negativez direction, while an attractive
force will act along the positivez direction. Hence, in the
results presented, a negative value of the force will im
repulsion, while a positive value attraction.

3. Electrostatic interaction force on a spherical particle

In this section, we depict the simulation results obtain
from the mathematical model described in Section 2. First
to assess the accuracy of the numerical methodology
compare one of our finite element calculations for the lim-
iting case of two identical charged particles in an infin
electrolyte medium with the corresponding results availa
elsewhere [17,19]. Following this, we present simulation
sults for the interaction force experience by a spherical
ticle inside a rough capillary for various combinations of th
roughness parameters to explore the key effects of su
roughness on the interparticle interaction.

3.1. Electrostatic double-layer interaction between two
charged particles

To assess the accuracy of the finite element solution pro
cedure, we first provide a comparison of the interaction
forces between two similarly charged spheres obtaine
this work with the corresponding numerical estimates
tained through a Hermite collocation-based solution of
PB equation in a bispherical coordinate system descr
elsewhere [17,19]. The results are shown for both cons
potential (CP) and constant charge (CC) conditions on
particle surfaces. The charge density used in the CC calc
tions was based on a scaled surface potential(veψ/kT ) of
−3.0 on the isolated particles, which is related to the sca
surface charge density,σp , through [24]

σp = veqp

εε0κkT

(13)= 2 sinh

(
1

2
Ψp,∞

)
+ 4

κa
tanh

(
1

4
Ψp,∞

)
,

whereqp is surface charge density (C/m2) andΨp,∞ is the
scaled surface potential of an isolated spherical particle.

In the finite element solutions, simulations were carr
out for an aspect ratio(a/b) of 0.2 (the mean capillary radiu
being five times larger than the particle radius) so that
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Fig. 2. Comparison between finite element results and the finite differ
results based on a Hermite collocation technique in a bispherical co
nate system [17,19]. Symbols represent the finite element results o
electrostatic interaction force between two identical charged particles
unbounded electrolyte with scaled separation distance(κh) under CP and
CC conditions on the particles as indicated in the legend. The lines r
sent the finite difference collocation results. In the finite element solutions
the charge density on the particles was evaluated employing Eq. (13
surface potentialΨp,∞ = −3.0, while in the finite difference collocatio
method it was obtained by numerically solving the PB equation aroun
isolated particle. The parameterκa = 1.0 in this and all subsequent figure

influence of the capillary wall on the interparticle interact
was minimal. Furthermore, a Neumann boundary condi
was applied on the cylinder wall (boundary IJ in Fig. 1):

(14)n · ∇Ψ = 0 on IJ.

Fig. 2 shows the variation of the scaled interaction fo
with scaled separation distance between the spherical p
cles,κh, under CP and CC conditions on the spheres.
open symbols and solid line depict the interaction forces
tained from present investigation and the finite differe
results, respectively, for CP conditions on both the partic
The filled symbols and dashed line represent the corresp
ing results for constant charge condition on the particle
faces. The finite element resultsof the present investigatio
show good agreement with the Hermite collocation res
over the entire range of separation distances (κh = 0.0–3.0)
for both cases. It should be noted that this level of accu
in the finite element results was attained with adaptive m
refinement and an appropriate choice of the convergenc
terion. In all cases, the scaledforces obtained using the tw
independent numerical procedures was within 5% of e
other.

3.2. Influence of surface roughness on the interaction fo

In our earlier study, it was shown that the interact
force between the particles was influenced significantly b
the presence of the charged cylinder wall only for cons
surface potential particles [22]. Accordingly, in the pres
study, we have limited our analysis to constant surface
-

-

-

tential particles only. The force acting along the axial
rection on a spherical particle was determined over w
ranges of the surface roughness on the cylinder governe
the scaled amplitude of the roughnessα (defined by ampli-
tude/particle radius), wavelengthλ (the pitch of the undu
lations scaled with respect to particle radius), and diffe
combinations of the surface potentials on the particles
the capillary wall. In the following subsections, the infl
ence of the surface roughness on the electrostatic intera
is discussed for different values of surface potential on
cylindrical capillary.

3.2.1. Particles and capillary with similar
surface potentials

The interaction forces between two charged spherical
ticles inside a charged capillary were calculated for cons
potential (CP) boundary conditions when both the particle
and the capillary had the same surface potential. The f
was determined for the scaled particle–particle separa
distance,κh, ranging from 0.0 to 3.0. As mentioned earl
in Section 2, the simulations were performed for two ca
case I corresponding to a reference point (R in Fig. 1b) b
at the crest of the rough capillary wall, with the two partic
located at equal distances from point R on either side, w
case II corresponds to the reference point at the trough (
Fig. 1c).

Figs. 3 and 4 depict the variation of scaled interac
force with scaled separation distance between the sphe
particles(κh) for case I and case II, respectively. The
sults in both figures correspond to four values of the sc
pitch (wavelength) of the undulation(λ), namely, 0.4, 1.0
2.0, and 4.0. In all these figures, the force is calculated
a fixed value of the aspect ratioA = a/b = 0.83, a fixed
dimensionless surface potentialΨp = −3.0 on the particles
and a same dimensionless surface potential on the cap
wall (Ψc = −3.0). As noted earlier, a negative value of t
scaled force in these figures corresponds to repulsion, w
a positive value indicates attraction. For comparison, the
teraction force between two spheres in an infinitely lo
smooth cylindrical capillary is depicted as open symbol
each figure.

Fig. 3a indicates that varying the scaled amplitude(α)

from 0.05 to 0.15 induces extremely small changes in
magnitude of the scaled electrostatic force compared to
smooth cylinder wall when the scaled wavelength of the
dulation(λ = 0.4) is less than the particle radius(κa = 1.0).
Irrespective of the value of scaled amplitude, roughn
always reduces the repulsive forces between the two
loidal particles at small separation distances. In Figs.
3c, and 3d, the interaction forces are obtained when
wavelengths of the periodic roughness on the cylinder
are equal to (Fig. 3b) or greater than (Figs. 3c and
the particle radius. In these cases, we start to observ
oscillatory behavior of the interaction force between
spheres. These oscillations correspond to the periodic
ture of the capillary wall roughness, and the extent of
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tween
Fig. 3. Variations of the scaled electrostatic interaction force between two spherical particles inside a “rough” capillary with scaled separationdistance when
the particles are moving uniformly from the crest of an undulation (case I). Both particles and capillary are similarly charged (Ψp = Ψc = −3.0) and different
line types correspond to different values of scaled amplitude of the roughnessas indicated in the legend. The simulations were performed for four values of
scaled wavelength of the undulation, indicated by the four values ofλ in parts (a) to (d). The open symbols depict the electrostatic interaction force be
two CP particles inside a similarly charged (bearing same surface potential as particles) smooth (α = 0.0) cylindrical capillary [22].
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oscillations increases with the amplitude of the roughn
For λ = 2.0 and 4.0, the interaction force even becom
attractive at certain locations, and the particles feel a
riodic attractive and repulsive interaction as the separa
distance between them is increased. In all cases, the i
teraction force is primarily contributed by the roughne
of the capillary wall, and when the interparticle separat
becomes larger than approximately one wavelength of
periodic roughness of the capillary, each spherical par
appears to solely interact with the capillary wall. The beh
ior described above is strongly dictated by the amplitud
the roughness, larger amplitudes leading to greater osc
tions in the interaction force. Furthermore, all the osci
tions seem to occur symmetrically about the zero amplit
force.

The forces corresponding to case II when the particles
moving uniformly from the reference point R on the trou
of an undulation are shown in Fig. 4, which indicates a
ferent behavior compared to the case I for larger wavelen
of the undulation. These results were obtained under ide
cal parameter settings for the case I simulations. In Figs
and 4b, trends in the interaction forces are observed for s
values ofλ (< 1.0) similar to those in Figs. 3a and 3b
l

small separations. Here, surface roughness reduces the
nitudes of the electrostatic repulsion for small separat
(κh � 0.5). From these two figures, it is clear that for sm
λ, the relative position of a particle with respect to the cr
or trough of an undulating wall does not play any sign
cant role on the electrostatic interaction. However, the var
ation of electrostatic force between the particles forλ = 2.0
and 4.0 are completely opposite both in nature and ma
tude when we compare Figs. 3c and 3d to Figs. 4c and
In case I, the interaction force is more repulsive when
separation distance is less than the wavelength forλ = 2.0,
while in case II, the force is less repulsive, and even beco
slightly attractive nearκh = 1.0 (Figs. 3c and 4c). The trend
in Figs. 3d and 4d are exactly opposite to the above obse
tion.

3.2.2. Particles inside a rough capillary with zero
surface potential

Figs. 5 and 6 show the variation of the scaled interac
force with scaled separation distance between the sp
cal particles(κh) for case I and case II, respectively. T
simulations of Figs. 5 and 6 were performed under ident
conditions as in Figs. 3 and 4, respectively, except for z
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Fig. 4. Scaled electrostatic interaction force between two spherical particles as a function of scaled separation distance when the particles are moving uniformly
from the trough of an undulation (case II) under same conditions as in Fig. 3.
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surface potential conditions on the capillary wall(Ψc = 0).
The four parts (a–d) in each of these figures correspon
four values of the scaled wavelength of the undulation(λ),
namely, 0.4, 1.0, 2.0, and 4.0, respectively. For simila
charged particles and cylinder, we did not observe sig
cant effect of the amplitude on the interaction force in te
of the magnitude (refer to Figs. 3a, 3b and Figs. 4a,
particularly for smaller wavelengths. For different parti
and capillary wall surface potentials, however, the effec
amplitude on the interaction force is considerable in te
of the magnitude as well as the nature of the forces e
for small wavelengths. For smaller amplitudes(α < 0.1),
variations of the electrostatic force are negligible compa
to the cases when amplitude is higher than 0.1. For l
amplitudes, the force is oscillatory, closely emulating
periodic undulations of the capillary wall. Depending upo
the relative position of the particles, the forces are ei
repulsive or attractive. Forλ � 1.0, a dramatic change i
magnitude of the forces is observed even at small am
tudes. A slight increase in amplitude causes a signifi
enhancement in the interaction force on the particles.
presence of roughness appears to induce a significant
lation in the forces, which alternately become attractive
repulsive, emulating the periodic nature of the roughnes
sharp contrast, the particles always exhibit a repulsive f
-

inside a smooth capillary. As depicted in Figs. 6a–6d, the
ture of the force is opposite when the particles are mov
away from the trough of an undulation compared to w
the particles are moving away from the crest. For sep
tion distances larger than the wavelength of the roughn
the maxima and minima of the interaction force have ne
identical values (Figs. 5b and 6b).

3.2.3. Particles and capillary wall with oppositely
charged surfaces

The interaction forces between the spherical parti
were determined so far for situations where the particles
the cylinder surfaces had potentials with same sign (l
charge cases) and the case when the particles had pote
with same sign but the capillary wall surface potential w
zero. Figs. 7 and 8 represent the variation of interaction force
for cases where the capillary surface is oppositely cha
with respect to the particles. The simulations of Figs. 7 an
were performed under conditions identical to those in all
previous cases, except for the opposite sign of the sur
potential on the capillary wall(Ψc = +3.0). Fig. 7 shows
the simulations for case I (particles moving away from
crest). The four parts (a–d) in Fig. 7 correspond to f
values of the scaled wavelength of the undulation(λ) as in-
dicated in the figure. Fig. 8 depicts the corresponding res
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Fig. 5. Variation of the scaled electrostatic interaction force between two similarly charged spherical particles inside an uncharged “rough” capillary with scaled
separation distance for case I. Simulations were performed under sameboundary conditions as in Fig. 3, except for zero surface potential on the capillary wall
(Ψc = 0.0). The open symbols depict the electrostatic interaction force between two CP particles inside an uncharged (zero surface potential) smooth (α = 0.0)
cylindrical capillary [22].
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for case II with all other parameters identical to the simu
tions of Fig. 7. Both these results follow qualitative behav
similar to that in the corresponding simulations for the cy
der wall with zero surface potential, although the magnit
of the interaction force was found to be considerably lar
than in the preceding case. Fromthese results, it is eviden
that the roughness effects of the oppositely charged capi
wall are so pronounced that the particle–particle interac
force is strongly oscillatory even at very small interparti
separations.

4. Discussion

The results from the previous section throw considera
light on the behavior of the electrostatic double-layer fo
experienced by a spherical colloidal particle inside a ro
capillary, which is charged to different extents. The m
striking feature of these results is the enormous influe
of the capillary wall roughness on the magnitude and s
of the interaction force. In this section we discuss some
the implications of these roughness engendered oscilla
forces on the behavior of nanoparticles confined in capil
cavities.
The simulations presented here all represent situat
where the particle and cylinder mean radii are comparable
the screening length of the electrostatic double-layer inte
tions. Furthermore, all the calculations were for compara
particle and cylinder radii corresponding to the scenario
particles confined in tightly fitting capillaries. The drama
oscillatory behavior observed in such tightly fitting pores
cay sharply as the aspect ratio(a/b) is decreased, and fo
aspect ratios of about 0.5, the oscillations are imperceptible
Similarly, the oscillations in the force are damped dram
ically as the particle size to screening length ratio,κa, is
increased. We should also note that the large variations n
here are only observed for constant potential particles.
constant charge density on the particle surfaces, the i
ence of roughness is not so dramatic.

The interaction force experienced by a spherical pa
cle in rough capillaries evolves from two competing fa
tors. First, presence of the similarly charged (implying sa
sign of the surface potential as the particle surface poten
smooth cylinder wall causes a reduction in the interac
force compared to the force between two particles in an
nite domain. This can be observed by comparing the con
potential results of Fig. 2 with the zero amplitude forc
(symbols) in Fig. 3. Secondly,oscillations in the capillary
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Fig. 6. Variation of the scaled electrostatic interaction force between two similarly charged spherical particles inside an uncharged “rough” capillary with
scaled separation distance for case II under same conditions as in Fig. 5.
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wall result in severe modifications of the electrostatic st
tensor by imposing unbalanced Maxwell stresses on the
ticle due to asymmetry in the rough cylinder geometry. T
periodic nature of the interaction force exactly matches
wavelength of the undulations in the capillary wall. Wh
both the particles and cylinder surfaces have the same
face potentials (both magnitude and sign), the magnitud
the force is small. However, the forces are drastically
hanced as the cylinder surface potential changes from
sphere surface potential. In absence of roughness, re
ing the surface potential of the cylinder wall substantia
enhances the repulsion between the spherical particle
in addition, the amplitude of the roughness is increa
the repulsion is increased even further. However, the
pulsion is caused solely by the asymmetric positioning
regions of the cylinder wall in the vicinity of the sphe
cal particle. The effect of such asymmetric stresses ind
by the wall with different surface potentials on the sph
is so intense that even at very small separations betw
the particles, we start observing a considerable oscilla
of the interaction force (note the distinct differences
tween the interaction forces in Figs. 3a, 5a, and 7a for s
κh). In other words, for dissimilar surface potentials on
spheres and the cylinder, the interaction force between
spheres is predominantly dictated by the charge and
-

-

-

,

odicity of the cylinder wall surface. The force oscillat
around a mean value that represents the particle–pa
interaction in a smooth cylindrical capillary, with a sup
imposed oscillation that follows the pattern of the cylind
wall.

Noting that for constant potential particles, the osmo
stress has no influence on the total interaction force,
discernable that the force variations are only caused
the modification of the Maxwell stresses brought abou
modification of the electrostatic fields. Forcing the cyl
der surface potentials to different values compared to
sphere surfaces alters the electric fields at the sphere
faces quite dramatically. The modification of these fields
the Maxwell stresses are most prominent near the poin
closest approach between the sphere and the cylinde
faces. Thus, the oscillations in the force are primarily an
come of the local electrostatic field modifications. We sho
note, however, that the magnitudes of the force oscillat
obtained for oppositely charged capillaries may be unr
istically high. This high value is an artifact of our use
the Boltzmann distribution and assumption of point cha
ions in our analysis. Such an approximation allows conc
tration of extremely large number of ions near the trou
of the undulating cylinder wall, which is physically unre
istic. Although we do not report studies including the effe
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n
s inside an
Fig. 7. Variation of the scaled particle–particle interaction force between two similarly charged spherical particles inside an oppositely charged (Ψc = −Ψp)
capillary with scaled separation distance for case I. The scaled surface potential on the capillary wall isΨc = +3.0, while the particle surface potential is give
by Ψp = −3.0. All other parameters are same as in Fig. 3. The open symbols depict the electrostatic interaction force between two CP particle
oppositely charged smooth (α = 0.0) cylindrical capillary [22].
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of finite ion sizes, it is believed inclusion of such effects w
result in a more modest variation of forces.

The oscillatory force experienced by the spherical pa
cle is possible only in case of nanoscale particles and ma
instrumental in dictating the transport behavior of nanop
ticles in confined geometries of comparable dimensions
these situations, the roughness of the confining wall (an
course, the surface texture of the particles themselves
comes comparable to the scaled amplitude values empl
in these simulations. For instance, if we consider a 50-
radius colloidal particle in a 60-nm-radius cylinder, a sca
amplitude of 0.1 will indicate that the roughness is of
order of 5 nm.

This scale of roughness can be obtained quite rea
in photolithographic microfabrication of microchannels b
etching a sputtered metal layer on a silicon wafer. T
purpose of etching a metal film is to produce chann
the walls of which can be charged up to a constant
face potential. Although silicon or glass substrates can
etched to a considerably higher precision than metal fil
we cannot form constant potential surfaces on these
terials. Typical results obtained from etching an alumin
film using a wet-etching process are depicted in Fig
Fig. 9a shows an array of approximately 6-µm-wide rec
-

gular channels scanned using an atomic force micros
(Digital Instruments’ Dimension 3100 SPM). The depth
these channels is approximately 450 nm. The uneven
of the metal film, particularly at the vertical walls, is rea
ily visible in this image. A quantitative depiction of th
extent of roughness on these vertical sidewalls is poss
through a width analysis performed on the individual ch
nels. Fig. 9b shows a typical section over which the anal
is performed.

In AFM width analysis, we measure the average wi
of a feature inside a specified box (shown by the recta
in Fig. 9b). The average width is obtained by measuring
lengths of all the line segments aligned parallel to the h
zontal sides of the box (the horizontal scan lines). The s
dard deviation of this width distribution provides an estim
of the vertical wall roughness. We performed this analysis
three consecutive channels in a wafer. For each channe
mean width and standard deviation were measured at
different vertical locations (100, 200, 300, and 400 nm)
the channel. Similar measurements were also conducte
ing another wafer where the channel width was 5 µm.
measurement results are summarized in Table 1. From thi
table, we note that the channel width decreases with dep
all cases. In other words, the channels are slightly tape
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Fig. 8. Variation of the scaled particle–particle interaction force between two similarly charged spherical particles inside an oppositely charged capillary with
scaled separation distance for case II under the same conditions as in Fig. 7.

Table 1
Width analysis statistics from atomic force microscope scans of rectangular microchannels

Channel Threshold (nm) 100 200 300 400

Wafer 1: channel width= 6 µm, channel height= 453 nm
1 Mean width 6140 6319 6460 659

Std. deviation 80.10 79.35 85.10 85.58
2 Mean width 6305 6480 6630 676

Std. deviation 90.02 86.57 78.84 79.24
3 Mean width 6301 6474 6622 675

Std. deviation 80.57 80.80 78.33 82.82

Wafer 2: channel width= 5 µm, channel height= 449 nm
1 Mean width 5000 5220 5390 553

Std. deviation 96.98 89.06 86.87 82.43
2 Mean width 5098 5312 5488 563

Std. deviation 93.23 89.03 80.72 75.74
3 Mean width 4897 5110 5280 542

Std. deviation 83.03 74.03 74.46 72.37

Two different wafers with different channel widths but same channel height were analyzed. The threshold value represents the vertical height from the base of
the channel.
re o
. Th
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rly
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Second, the standard deviation, which provides a measu
the roughness, does not depend on the channel width
average standard deviation from all these measurements w
determined as 82.72 nm. The standard deviation, to a g
approximation, represents the sum of the roughness a
tudes from the two vertical walls of a channel. Assum
that the average roughness on both the sidewalls are s
f
e

-

,

we estimate the roughness amplitude on a channel wall
41.36 nm.

The above analysis reveals that the mean roughne
wet-etched metal film channels that are about 450 nm d
is on the order of 40 nm. Scaling this information linea
to 100-nm-deep channels yields a value of about 10 nm
the wall roughness. Therefore, it is clearly discernable
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(a)

(b)

Fig. 9. Atomic force microscope (AFM) image of microfabricated re
tangular channels showing the procedure of measuring surface roug
ness by width analysis. (a) Patternshowing an array of 6-µm-wide an
ca. 0.45-µm-deep rectangular microchannels etched on an aluminum film
(b) Top view of patterned surface showing the section over which the w
analysis is performed. The dashed rectangular box is placed on each
nel and the width of the channel is measured by recording the lengths
the horizontal scan lines (horizontal white lines) spanning the width of
channel. The measurements are performed at different channel heigh

the roughness amplitudes considered in this study are c
parable to those obtainable in microfabrication proces
In top-down microfabrication processes, we will genera
obtain significant roughness on the walls of these chan
which in turn, can considerably affect the electrostatic inter
action of a charged particle that is comparable in dimen
to the channel depth. Although the channels in the ab
discussion are rectangular, the analysis performed usin
cylindrical geometry in our simulation studies provides c
siderable insight regarding the qualitative behavior of
interactions experienced by particles near the axis of th
rectangular channels.
-

-

,

5. Concluding remarks

The simulations performed in this study reveal that
electrostatic double-layer interaction force experienced
a spherical colloidal particle inside a “rough” capillary c
be significantly modified by the roughness of the capill
wall. The influence of the wall roughness is significant wh
the periodicity of the roughness (wavelength) is compara
to or larger than the particle radius. When the periodicity
the roughness is considerably smaller than the particle
mension, the interaction force experienced by the partic
not seriously altered if both the particles and the cylin
surfaces are similarly charged (bearing the same sign o
surface potential). However, as the cylinder surface po
tial starts to deviate from the particle surface potential,
observe a considerable influence of the cylinder wall on
electrostatic force experienced by a particle irrespectiv
the scale of the wall roughness. It is observed that confi
charged spherical nanoparticles inside an oppositely cha
rough cylinder causes a large fluctuation in the interac
force on the particles. The interaction force felt by a part
in such cases can become attractive or repulsive depen
on the axial location of the particle in the rough capilla
channel. The roughness amplitudes considered in these
ulations appear to be consistent with roughness dimens
generated in photolithographic fabrication of microchan
nels by etching metal films. Accordingly, it seems tha
roughness analysis of the channel walls is a fairly impor
criterion for correctly assessing the electrokinetic trans
behavior of nanoparticles inside such capillaries, particul
when the particle dimensions are comparable to the cha
hydraulic diameter.
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Appendix A. Nomenclature

a Particle radius
A Aspect ratio(= a/b)

b Mean capillary radius
b(t) Bézier polynomials
Bi,n(t) Bernstein polynomials
e Electronic charge (1.6× 10−19 C)
E Electrostatic field vector
Er , Ez Components of the electric field vector along thr

andz directions, respectively
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F Force
fz Scaled force acting along thez direction
Fz Component of force acting along thez direction
h Surface-to-surface separation distance between

spherical particles
i Index number (0 ton)
I Identity tensor
k Boltzmann constant (1.38× 10−23 J K−1)
k Unit vector in the positivez direction
n Order of the polynomial
n Unit surface normal vector
n∞ Ionic number concentration in the bulk soluti

(m−3)

nr , nz Components of the unit surface normal along thr
andz directions, respectively

Pi Control vertices of a Bézier polynomial
qp Surface charge density (C m−2)
r Radial coordinate in the cylindrical coordinate s

tem
r̄ Scaled radial coordinate,κr

Sp Semicircular boundary of the spherical particle
T Absolute temperature (K)
Tij Component of stress tensor
wi Weights of a rational Bézier polynomial
z Axial coordinate in the cylindrical coordinate sy

tem
z̄ Scaled axial coordinate,κz

Greek symbols

α Scaled amplitude
∂Ω Boundary of the computational domain
ε0 Dielectric permittivity in vacuum

(8.8542× 10−12 C2 N−1 m−2)
ε Dielectric constant of electrolyte
κ Inverse Debye screening length, Eq. (2)
λ Scaled wavelength
v Absolute value of the valency for a symmetric (v:v)

electrolyte solution
Π Osmotic pressure
σp Scaled surface charge density of particle
ψ Electric potential (V)
Ψ Scaled potential(veψ/kT )
ΨpΨc Scaled surface potentials of particle and capilla
respectively

Ψp,∞ scaled surface potential of an isolated spherical
ticle

Abbreviations

CC Constant charge
CP Constant potential
DLVO Derjaguin–Landau–Verwey–Overbeek
EDL Electrostatic double layer
LW Lifshitz–van der Waals
PB Poisson–Boltzmann
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