1. (Total 10%) Consider the linear program Model 1:

Minimize Qa7 <+ Gag
subject to g — zz < 1
3.:‘:1 + 22}2 E ﬁ
9 > ]
with @ = 0

(a) (5%) Solve Model 1 graphically. Be sure to clearly label constraints boundaries and objective
function contours as well as the feasible region. Also indicate what solution(s) is(are) optimal,
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(b) (3%) Write down the dual of Model 1 using variables vy, vy and vy (corresponding to the three
main primal constraints respectively).
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2. (10%) In the interest of keeping its professional sports teams from being enticed away by neighbouring

cities, Metropolis is considering construction of a new sports complex. There may be either a football
or baseball stadium built, or both. Each stadium may also be either covered with a roof or open to the
weather, with the rool either included with the original construction or added in the subsequent stage.
The following table shows costs, in millions of dollars, of these different alternatives, depending on
whether they are built in the first stage or the second, and depending on the priority the Metropolis
Mayor places on them (100 being the highest).

Football Baseball
i=L5tadium  j=2:Roof | j=dibtadiom  j=4:Rool
Cost if built in Stage 1 00 o0 400 100
Cost if built in Stage 2 381 110 Al 130
Priority fiti 6l TH 44

A total of 700 million is available in each stage fo pay for the construction.

Farmulate an integer linear program to choose a construction plan that maximizes total priority within
budget limits and all needed logical constraints. Use only decision variables z; = 1 if compaonent j
is built in stage | (= 0 otherwise), and y; = | if component j is built in stage 2 (= 0 otherwise),
i =1,...4. You may use symbolic parameter names for the constants in the above table, but elearly
define any you employ. Also, briefly annotate all equations to indicate their meaning.
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4. (Total 10%) Consider the linear program Model 2:

Maximize 2y 4+ 22

gubject to w®y +  za > &
h | E 11

-2 + s < 20

Ly oy ag = |0

(1) (4%) Solve Madel 2 graphically. Be sure to clearly label constraints boundaries and objective
i unr:1-1c:r>fm]tuurs as well as the feasible region. Also indicate what solution(s) is{are) optimal.
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i (b) (4%) State the dual of Model'2 using dual variables vy, 2, and vy (corresponding to the three
main primal constraints respectively).

minmize Sy, + 0y, + v,
s.t. ot =
V TV == |
V=0 (IE=00 Vp= O
(c) (2%) Without solving your dual from part (b), indicate which of its three dual variables must

equal 0 at (dual) optimality as a consequence of your primal solution in part (a). Also briefly
explain why.
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4. (Total 15%) Consider the following LP:

Minimize 23z; + 12z
subject o 2xy — Ty
4z - g

a

—d

LA LA

where &y > 0 and 25 > 0,

Apply Phase 1 of the Simplex method using Dictionaries to find an initial basic feasible solution and
the corresponding initial feasible Phase 2 dictionary for this problem.

Begin by (a) putting the above problem into Standard Form. Then (b) construct the corresponding
Phase 1 artificial (maximization) problem, Next {c¢) form the initial dictionary corresponding to this
artificial (maximization) problem. Finally (d) solve, via dictionaries, this artificial (maximization)
problem and use your solution to find an initial basic feasible solution and the corresponding initial
feasible Phase 2 dictionary for this problem.

(Mote: Please be careful — il you start with an incorrect initial Phase | maximization problem you
can receive only hall marks at best!)
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Multiple Choice Section
17@2% each = Total 34%

B. In each of the lollowing cirele whichever choice provides the hest answer,

The first few guestions relate to the following Model 3:

Minimize "'l"l EJ_ i YiLig

subject to Eiul Yi = &
Yimaig < by i=1,::,15
T < i 1=t 18 =1 300
Ty = 0 f=1 0018 =T 2l
i = [grl. si=dsnnla

{a) Model 3 is best described as: mey Imrr-n L I

(i} a linear program iii) an integer linear program ; W L A
- - - . - (= d
(ii) a nonlinear program @ n integer nonlinear program 794 "4 J

« (b) The total number of main constraints in Model 3 is:

(i) 3 (liiJus16 IHE+ 15-300

[ii) S16 ) 051
(¢} The total number of decision variables in Model 3 is:
(i) 2 iii) 4500 | 15 w7
(ii) 315 1515 [5¢300 X3 + e
The next few questions relate to the lollowing standard form linear program Model 4;
Maximize 2r; -+ by -+ Big
subject to 2r; + @3 = 5
I + wa = 6
I Ty, rqg > 0
, (d) Which of the following is an interior point solution to Model 47
5 r‘m“;rﬁsﬁwﬂ@m—u‘i,d} (i) &= (3,0.7) .!‘. /
T tTessiklc i) @ = (0,5, 6 iv) #=1(1,3,1 ¢ ae1aTiec
(it) = = (0,5,6) We=031) o ) ga)

= (e} Which of the following is an extreme point solution to Model 47 (-Fd A f-enj-g(-{ﬁ ;,-,-(Lf %r_ ¢~>
(i) #=(2,1,4) x-{p -2} £ r’EI’Fl"JCr[”-'"‘ oh X2 & v

(ii) 2= (6,=T,0) (iv) &= (1, 3.4)
() Which of the following is not required of a feasible direction at @ = (5,0, 1) in Model 47

(1) 24z, + Aza=1 (iii) Azg =0 1{_ 1£ '

(ii) Azy + Arz =10 .ﬂ.rgb‘ll KB?—D notl acLTIve
() Which of the following is required of an improving direction at = = (3,0, Tj} in Model 47

i) Az + Az =10 (i} Azq + Axzg=10

{
C e AX > O 2&.;:1 4+ 5Axg +8Ary >0 (iv) Az +5Ax; + Az < 0
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The next few questions relate to the following minimizing standard form linear program Model 5:

Wy Wy wy wy
mine | 0 1 4 1 |'b
A 31 =2 1|8
1 7 0 =1]38
(L) I awp and wy arve basgie in Model 5, the corresponding basic selution is: w, + W‘{ — 5
(i) aw={1,4) @w:{ﬂ,l.l},‘i} T wy — Wy =T
(i) w=(3,0,2,0) (iv) w=(1,1,2,5)

(i) IT wy and g are basic in Maodel 5, the simplex direction for wy is:
3Aw, -Znu'” O @) Aw=(1,0,2,0) (iil) Aw = (—1,0,—2,1)
| = o Aw=(1,0,2,1) (iv) Aw = (4,0,4,1)
Aw =] ‘ [

(i) Direction Aw = (1,—1,—2 —6) is a feasible dirction at solution w = (1, 3, £, §) of Maodel 5. The
maximum step A that can be taken in this direction Aw is:

l'h.rn?"-— ?2{5 E/'}E @ (iii) 1

{11] = (iv)
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The next few questions relate to the following linear program Model G

Maximize 18z — 10z, 4+ 223
subject to  Jzy + Ty + g < 9
22y — 2xe — z23 = 3
25 I I3 2z = 0

(k) What effect will an inerease in the paramater § (RHS of firsl constraint) have on the Model
optimal solution value, assuming it has any effect at all?

(1) increase at an acceleating rate (iii} decrease at an accelerating rate
rffﬂk_}("f-ﬂ‘iﬁ)': : diminiehi i d dimmintehing v
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(1] What effect will an increase in the paramater 18 (objective coefficient of @) have on the Model
G gptimal solution value, assuming it has any effect at all?
max 1 incréait 10 (2 inerease al an acceleating rate (1ii) decrease at an aceelerating rate
= ﬂ*‘-':*elr incresie ii) increase at a diminishing rate (iv) decrease at a diminishing rate
{(m) Assuming an optimal solution to the dual of Model 6 is v= = (i, 0), where vy and vs correspond
to the first and second primal constraint respectively, which of the following is not implied about

the primal optimom #*7 '.' [' _/, '@
(i) primal optimal solution value is 54 'Jl = 3 Vi i lvl =04 ? 4, @mt L

(1) =" makes the firsl constraint active (iv) a7 &
= 0O



The next few questions relate to the following linear program Model 7:

Minimize w; + 3z
subject to &y 4+ x3 > B
Ty < 4
ry =
Iy o b 300
(n) Which of the following is an optimal solntion of Madel 77
1)(3,2) 2 2= 9 (i) (1,4) 2 2= 13
{‘1]}5 3z 7 (iv) (44) = 2= IE
(o) Which of the following could be the first point of a Two-Phase Er]rnp]ex search of Model 77
(4,4) BFS (iii) (0,0) 1A Loasi ble
{ii) (3,2) Eauﬂjwﬁ not extrtme {iv) (5,0} +» Feasi) s

(p) Assigning dual variables vy, #2, and va to the 3 main constraints of Model 7 respectively, which
af the following is not a primal complementary slackness condition on optimal values of s and
v's?

(i) ey +zzg=horuv =10 ili) zg =4 or w3 = [ f
(i rp=4o0rwva=10 'L'I-|-'L:3:RDTJJEZE} -}A“— i ﬁu.:n/

Cmp lenent oy clackney
The final Multiple Choice Section question is:
(g} Which of the following is ot an outcome on which the Two-Phase Simplex method would
terminate? - Coartiniie -,‘-r.,
(i) Phase 1 global optimum value =0 lmse 1 global optimum value = ) P,l',,_;e T
{ii) Phase 2 global optimum value # 0 {iv) indication of unboundedness reached in
Phase 2

True or False Section

5E2% each = Total 10%
i. Circle the correct answer to the following questions involving linear programming.
{a) @nr False - A primal basie feasible solution is degenerate if, and anly if, at least one of the
primal nonbasic variables has a value of zero.
(b @ or False - LPs are deterministic maodels.

(e @ or False - The coefficient of the j*" decision variable in the i*" primal main constraint is
also the coefficient of the i'" decision variable in the j*" dual main constraint. (Ecmf_ LP hae ﬂﬂ>

(d) True o m Every LP has an optimal solution that is a bosic feasible solution. Solutrent
—

{¢) True o — A Teasible golution & to an LP cannot be opfimal if there exist any improving

directions at . (THU‘Q_ Cat bt Aa Y :mrﬂfa..rrnj pfaj;f'({ J'J'ft?r_'-‘{fén-j




Short Answer Section
{Total 10%)
7. Provide briel answers to the following questions involving LP.
(a) (4%) Briefly describe the four assumptions that all linear programs musi satisly. ?
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(b) (29%) Briefly describe the significance of LP marginal values, - _
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(¢) (2%) Briefly deseribe the condition(s) that improving directions must satisfy.
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d) (2%) Briefly describe the condition(s) that feasible directions must satsify.
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